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Abstract

The accurate prediction of high-frequency wave be-
haviour is essential for engineering applications related
to noise and vibration control, but traditional finite-
and boundary-element approaches typically become
computationally impractical at these frequencies. We
will present a transport-based framework for high fre-
quency waves, formulated using the stationary Radia-
tive Transfer Equation (RTE) in complex media such
as piecewise homogeneous acoustic cavities and multi-
plate configurations attached at line joints. Building
on earlier developments in high-frequency wave energy
modelling -most notably Dynamical Energy Analysis
(DEA)- we retain DEA’s improved fidelity and applica-
bility over Statistical Energy Analysis. Furthermore,
the RTE is spatially discretised using a discontinuous
Galerkin scheme that can be implemented efficiently
for any polynomial degree basis by making use of ana-
lytic integration techniques based on Stokes’ theorem.
Our method supports general finite element—style un-
structured meshes with arbitrary polygonal elements
and delivers competitive computation times suitable
for large-scale applications.

Keywords: high-frequency waves, dynamical energy anal-
ysis, radiative transfer equation, discontinuous Galerkin

1. Introduction

High-frequency wave phenomena arise in a wide range
of noise and vibration problems [1]-[3], and occur
whenever the wavelength is significantly smaller than
the characteristic length scales of a vibrating struc-
ture. This provides challenges in complex structures
where the requirement to adequately resolve the rapid
wave oscillations, as well as the complex geometric
features, can lead to very large and computationally
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costly numerical schemes as the frequency is increased
[4]-[6]. Two established high-frequency approaches
are Statistical Energy Analysis (SEA), which is effi-
cient for large systems but relies on diffuse-field and
local-equilibrium assumptions [7]-[9], and ray tracing,
which retains directional information but can become
expensive in highly reverberant systems [10], [11]. Dy-
namical Energy Analysis (DEA) improves upon SEA
by transporting directional energy densities on sub-
system boundaries and retaining information about
the underlying ray dynamics [5], [12].

Here, we introduce a new method by formulating
acoustic or vibrational energy transport directly using
the stationary RTE without scattering. The RTE
is discretised using a discontinuous Galerkin (DG)
method in space and a discrete ordinates (DO) ap-
proximation in direction, giving an element-based
framework for ray (or energy) density transport on
unstructured meshes. In this work, we introduce the
governing RTE and its DG-DO discretisation, extend
the formulation to polygonal meshes of structures
comprising of plates and curved shells, and outline
the treatment of multi-material interfaces and plate
junctions through reflection, transmission and mode-
conversion conditions in the DG flux. Preliminary
validation results are then presented.

2. Problem Formulation

Let  C R? be a bounded polyhedral surface with
boundary I' = 912, represented locally on each planar
face by coordinates = (z,y). Although embedded
in three-dimensional space, wave energy is assumed to
propagate tangentially along each two-dimensional sur-
face with the propagation direction denoted by 5(6),
where 6 € [—m, ) parametrises the local tangent-plane
unit circle. For a wave mode ¢ € {B, L, S}, denoting
bending, longitudinal and shear waves respectively,
the radiance u?(x, 8) represents the high-frequency
wave energy density at € 2 travelling in direction
3(0) and pi(x) represents the damping coefficient
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for each mode. Simpler single mode acoustic wave
propagation may also be modelled in an analogous
manner without the need for the wave mode index gq.
For simplicity, throughout this work u(x, §) and u(x)
may be interpreted as the wave energy density and
damping coefficient, respectively, associated with ei-
ther acoustic waves or any one of the three plate-wave
modes. The coupling between these plate-wave modal
components will be introduced later via interface scat-
tering matrices, or simply via Fresnel equations for
the acoustic case.

The ray (or energy) density u is characterised by the
scattering free stationary RTE, given by

3(0)-Vu(zx, 8) + p(x) u(zx, 8) = f(x, 8), (1)

where V is the surface tangential gradient and f(x, §)
is an internal source [13]. The material or acoustic
parameters, such as wave speed, density and damping
may vary across {2, and are taken to be piecewise
constant in the present formulation. We let n(x)
denote the outward unit normal at « € I', then for
all incoming directions satisfying §-n < 0, we apply a
specular reflection boundary condition of the form

u(®, 8) = uo(x, 8) + u(x, §—2(3-A)A). (2)

Here wug(x, 8) represents a prescribed boundary emis-
sion and in the absence of boundary source we set
ug(x,8) = 0. The fluence is the total wave energy
density at each point «, given by

@(m)z/gl u(m,é)déz/ﬂ (@, 50))d0,  (3)

—T

where S! denotes the local unit circle of directions on
a polygonal face.

3. Discretisation

To numerically solve the RTE, we discretise (1) us-
ing a DG method in space together with a discrete
ordinates approximation in direction. The domain
Q) is partitioned into N, non-overlapping polygonal
surface elements F;, j = 1,2,..., N. Each element
E; has k; edges, denoted by I'; ; for i = 1,...,k;,
with outward unit edge normal 7i; ; lying in the local
tangent plane of ;.

On each element FE;, the solution is approximated
locally by u; ~ u for j = 1,2,...,Nj,. The angular
variable is expressed with respect to a local element
tangential coordinate frame, and so we let (e, ;, ey ;)
denote an orthonormal frame spanning the plane con-
taining F;. For an angle 0, the associated direction
vector is defined by

5;(0) = cos(f)es ; + sin(f)ey ;, (4)

which is tangential to the surface element and remains
constant within E;. This allows each surface element
to be treated as a planar polygon.

For the numerical spatial integration, each element

E; is first enclosed in its minimal bounding box. If
this box has centroid (. ;,y.,;) and side lengths h; ;
and hy ;, we map it affinely onto the reference box

B =(-1,1)2 via

% = Fy(z) = (2(1?%?4)’ Q(yhyjm) )

The mapped polygon Ej = Fj(Ej) C B, with edges
fi,j = F}(T; ), is then used in the integration proce-
dure introduced in [14] to evaluate the DG element
and edge integrals exactly and efficiently, with |J g, |
and |Jr, ;| scaling the corresponding physical mea-
sures. To apply the directional discretisation through
the discrete ordinates method, we represent the direc-
tion variable by a finite set of Ny angles in [—m, ),
denoted by 6,,, where n = 1,2,..., Ny. Accordingly,
for each discrete direction §,, and for € Ej;, the local
basis expansion is written in local element coordinates
&= (&,9) as

k k*O&l

u]('%79n) = Z Z uj"rfoel,az POél (j) Paz (g) (6)

041:0 a2:0

Here, ]5(11 and ]5@2 denote the one-dimensional or-
thonormal Legendre polynomials of degrees oy and
o, respectively, where taking all index pairs (aq, as)
satisfying a; + as < k yields a local polynomial space
of total degree at most k. The DG weak formulation
is then given by

[ s @.6,)0; @) 15 o
- / u; (#,0,) 8;(0n) - Vv; (&) |J g, | d
E;
li]' (7)
+Z[ VEI (&, 00) 05 (2) |1, | dE
i=1 7l

— [ £@.0.)0; @175, da.
E;

forj=1,...,N,,n=1,..., Ng and where v; denote
the spatial test functions, chosen from the same local
Legendre polynomial space. The quantity /" is
the multi-mode numerical flux through I'; ; associated
with the ordinate 6,,. The flux is defined using an up-
wind scheme that incorporates reflection, transmission
and mode conversion at interfaces. To introduce this
scheme, we let E;  denote the neighbouring element
across I'; ;, &;, be the point on the neighbouring edge
corresponding to & € f‘m, and ¢,r € {B,L,S} de-
note incident and outgoing wave modes, respectively.
Writing M = {B, L, S} and n; ;(0) = §;(0) - ni; ;, the
multi-mode upwind flux 7" depends on the sign of
1i,5(0n). For positive n; ;(6,,), then 6, is the incident
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direction in Ej; and 4" =

i, (0 )15 (2, On)

+ 2 g (0% (0n)) R, (0n) wj (@
qeEM

0% (0,)) .

Here, we let 0% (6,,) denote the reflection angle from
edge I'; ; in wave mode r arising from the incident
direction 6,, in wave mode ¢. For negative n; ;(6,),
then 6, is the transmitted post-scattering direction in
Ej and 4" =

1 (On) 3 T (OF, (6n)) i, (20,0, 00))

qeEM

Here, we let 07’ (6),) denote the incident direction
which maps to 8,, after transmission from mode ¢ to
mode 7. The corresponding local incident angles are
measured relative to the interface normal as in the
Snell’s Law construction and the coefficients R’
and Tq are the associated reflected and transmltted
power ﬂux ratios obtained from the Langley—Heron
plate-junction scattering matrix [15]-[18]. For single
mode acoustic waves, the indices ¢, 7 are not necessary
and the coefficients R; ;, and 7T;, ; are given by the
Fresnel equations.

The source contribution is incorporated through the
prescribed boundary radiance ug appearing in (2).
After discretisation, we therefore set f; = 0 in (7)
and prescribe excitation on the appropriate boundary
edges through the DG flux term, which in practice is
projected onto the local DG basis and added to the
right-hand side of the assembled system.

For an internal point source located at xo € E,, the
singular source is difficult to represent directly using
the spatial polynomial basis functions. Instead, it is
replaced by an equivalent boundary emission on the
boundary of the source-containing element F, and
its neighbouring elements, again using the boundary
radiance term wug. Here, the material is assumed to be
homogeneous across F, and its neighbouring elements,
so the wave speeds are constant and the transmission
coefficient is taken to be unity. More general reflected
and transmitted source contributions could be incor-
porated here, if required, using the same scattering
framework as for the interface fluxes. At a boundary
point © € I'; ,+ along the ith edge of E,+ connected
to I, along edge i, the point source contribution is
given by

exp (—ppll = o)
uo(x,0) = pPe—— 6(0—6p(x)), (8)
where p1, is the damping coefficient in E,, and 8y (x) is
the direction from the source point x to the boundary
point . The fluence inside F, is then supplemented
by the corresponding direct Green’s-function contri-
bution, while all subsequent propagation, reflection
and transmission are handled through the DG edge
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fluxes.

After assembling the volume, flux and source contri-
butions, the DG-DO discretisation gives the global
linear system

Au =, (9)

where u contains the unknown expansion coefficients
over all elements, basis functions, modes and ordinates.
Once u has been computed, the fluence is recovered
by summing the directional radiance over the discrete
ordinates. For each mode ¢ € {B, L, S}, the modal
fluence is approximated at & € E; via

Ny k k—oq ~ ~
ZZ Z jal,ag 061 j’.)P ()

(10)
The bending, longitudinal and shear fluences in the
element E; are therefore obtained as @f, <I>jL and <I>JS ,
respectively, and for the acoustic case we can simply
omit the index ¢ as before.

4. Numerical results

We present a preliminary numerical test designed to
assess the behaviour of the proposed DG-DO formula-
tion on a simple curved surface. We consider a point
source on a sphere, allowing comparison with an es-
tablished geodesic flow benchmark including an exact
solution from the literature [17]. Note that we assume
pure wave transmission across the curved surface, and
do not incorporate curvature induced reflection phe-
nomena [19].

Letting ¢ denote the polar angle measured from the
source location, then the exact fluence takes the form

(I)sol(@) = (]_ _ eXp(—Q’IT/i)) Sin<,07

where p is the damping coefficient and C' is a source
normalisation constant. This benchmark was used in
previous literature [17] where the authors also mod-
elled the transport of phase-space energy densities
on triangulated surfaces using discrete flow mapping.
Here, we use the same analytic solution to test our
DG-DO formulation for the fluence compared with
the geodesic solution in equation (11). We also fix
k = 0 and vary the number of surface elements Ny,
and angular ordinates Ny, since the error from approx-
imating the curved surface by a triangulated surface
limits the benefit of increasing k for this example.

Table 1: Errors for the spherical point-source benchmark
test with fixed polynomial degree k = 0.

Ny, Np =256 | Ng =512 | Ny =1024
320 1.02e-1 1.04e-1 1.01e-1
1280 6.47e-2 5.80e-2 5.96e-2
5120 | 4.26e-2 4.05e-2 3.94e-2
20480 | 3.11e-2 2.93e-2 2.76e-2
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In line with [17], the resulting errors from the centroids
of the elements are averaged over the upper hemi-
sphere and reported in Table 1. Figure 1 compares a

Numerical: N, = 320, N = 256 Numerical: N, = 20480, Ny = 1024 Exact: N, = 20480

Source side

Source side

Source side

-10 -05 oyu 05 10 X -10 -05 oyu 05 10 X -10 05 oyu 05 10 X

Opposite side Opposite side Opposite side

X 10 o5 oyn -05 -10 X 10 o5 oyc -05 -10 X 10 o5 oyc -05 -10

Figure 1: Approximate and reference fluence on the tri-
angulated sphere for the point-source geodesic transport
benchmark. The exact solution is represented on a trian-
gulation with N}, = 20480 elements, consistent with the
mesh used for the most accurate numerical solution.

coarse DG-DO solution (NN}, = 320, Ny = 256), a more
accurate DG-DO solution (NN}, = 20480, Ny = 1024),
and the corresponding reference fluence plotted on a
log scale. The DG-DO errors decrease under mesh
refinement and, less significantly, by increasing Ny.
In comparison with the discrete flow mapping results
reported in [17], we find that the error on the finest
mesh is reduced from 5.12 x 1072 in [17] to 2.76 x 1072
here. Also, from Figure 1, it can be observed that
the computed solution converges towards the exact
geodesic solution, with the refocusing near the antipo-
dal point becoming sharper as the mesh is refined and
more discrete ordinates are used.

5. Conclusion

We have presented a numerical framework for mod-
elling high-frequency acoustic and vibrational energy
in complex built-up structures. The approach is
based on the radiative transfer equation without in-
scattering, discretised using a discontinuous Galerkin
method in space and a discrete ordinates approxi-
mation in direction. This formulation facilitates the
propagation of wave energy densities over unstruc-
tured polygonal surface meshes, making it suitable
for shells, multi-plate surfaces and built-up acous-
tic systems. The formulation can incorporate multi-
material interfaces and plate junctions, with reflection,
transmission and mode-conversion conditions via the
upwind flux using the Langley—Heron scattering coef-
ficients. Preliminary validation examples demonstrate
the potential of the method for curved-surface ray
density transport problems.
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