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Abstract
Predicting high-frequency noise and vibration in com-
plex structures is a challenging task where standard
numerical methods for wave-based models struggle
with the rapid oscillations involved, leading to pro-
hibitive computational costs. Dynamical Energy Anal-
ysis (DEA) offers a robust solution by using a transfer
operator to track ray densities in phase-space, pro-
viding a ray-based methodology that is not restricted
by the reflection order. This research introduces a
data-driven version of DEA, based on an Extended
Dynamic Mode Decomposition (EDMD) construction
of the DEA transfer operator. The shift of focus from
ray geometry to ray data facilitates a subdivision of
the phase-space data into clusters where the pre-image
of the ray flow map is locally smooth. The accuracy
may then be further enhanced by using Legendre poly-
nomial basis expansions within these clusters and/or
the further sub-division of the phase-space. Numerical
experiments focussed on simple benchmark tests will
be presented to demonstrate the accuracy, effective-
ness and potential of the proposed methodology for
future extension to built-up structures and industry
inspired applications.

Keywords: high-frequency waves, extended dynamic
mode decomposition, data-driven methods, dynamical en-
ergy analysis

1. Introduction
Determining high-frequency mechanical wave fields
in complex structures is a challenging problem in
applied mathematics, with numerous important ap-
plications [1]–[3]. High-frequency noise and vibration
are typically modelled by partial differential equa-
tions with highly oscillatory solutions, which when
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combined with the complex geometries encountered
in real industrial applications can lead to very large
and computationally costly numerical schemes [4]–
[6]. As a consequence, ray-based approaches are of-
ten employed to avoid the high computational costs
associated with the direct numerical simulation of the
oscillatory wave problem [1], [3], [7]. One such method
is Dynamical Energy Analysis (DEA) [5], which mod-
els wave energy transport through complex structures
using a linear transfer operator known as the Frobe-
nius–Perron operator. This operator describes the
evolution of ray-density distributions in phase space,
providing an efficient framework for approximating
high-frequency wave energy flow [8].
Despite its advantages, DEA faces a significant limita-
tion: its numerical convergence is typically restricted
to first-order for geometries containing corners in two
dimensions or edges in three dimensions [9], while
faster convergence can be obtained in smooth geome-
tries [10]. The root cause of this limitation relates
to jump discontinuities in the underlying ray map
embedded within the transfer operator. At these
corners and edges, ray trajectories undergo abrupt
changes of reflected direction. As a result, standard
numerical approximation methods struggle to resolve
these discontinuities accurately, which limits conver-
gence. This work aims to develop the first data driven
implementation of DEA that will treat discontinu-
ities in phase-space using data partitioning algorithms,
and approximate the Frobenius-Perron transfer oper-
ator using Extended Dynamic Mode Decomposition
(EDMD) [11], [12].

2. Propagating phase-space densities
via transfer operators

A framework for propagating densities along ray tra-
jectories within a domain Ω can be formulated using
the Frobenius–Perron (FP) transfer operator. Specifi-
cally, in DEA we apply the FP operator to transport
phase-space densities between instances when the ray
trajectory intersects the boundary of Ω, which we
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denote Γ [5]. In this section, the FP operator is intro-
duced along with its approximation via the EDMD
algorithm. We then describe the formulation of an ini-
tial density associated with a noise or vibration source.
Finally, the interior density is constructed, providing
a solution for the total acoustic or vibrational energy
density at specified positions within Ω.

2.1. Frobenius–Perron transfer operator

Consider the dynamical system (X ,Φ), with X = Γ×
(−η, η) the phase space corresponding to the boundary
Γ of a domain Ω ⊂ R2, together with the momentum
or slowness coordinate prescribing the tangential (to Γ)
component of the propagation direction scaled by the
inverse of the wave speed η = 1/c. The map Φ : X →
X is the ray-tracing boundary flow map taking a point
(parametrised by arclength) s ∈ Γ along the direction
prescribed by p ∈ (−η, η) to the position s′ obtained
when the the trajectory next intersects Γ, along with
the direction p′ given by a specular reflection of the ray
at s′. We may write p = η sin θ, where θ ∈ (−π/2, π/2)
denotes the angle between the interior normal vector
and the outgoing ray at the point s. If x = (s, p) ∈ X ,
then the evolution of its phase-space densities under
the underlying ray dynamics can be described using
the FP transfer operator, P. For a density f , the
transfer operator P is defined as

Pf(y) =
∫
X
f(x)δ(y − Φ(x))dx. (1)

This operator governs the transport of densities under
a dynamical system by mapping f through a given
propagation step. In this work, it provides a frame-
work for tracking how acoustic or vibrational energy
densities evolve along ray trajectories in phase space.
The Frobenius–Perron operator is linear and it acts
on an infinite-dimensional function space. Despite the
nonlinear nature of the underlying dynamical system,
the operator describes it in a linear framework. This
linearity is a key advantage, as it enables the refor-
mulation of nonlinear transport problems into linear
operator equations acting on phase-space distributions.
Due to its infinite-dimensional nature, practical com-
putation of the Frobenius–Perron operator requires
numerical approximation. In this work, the FP opera-
tor is approximated via the EDMD algorithm, which
allows for an efficient data-driven representation of its
action on a chosen basis of phase-space functions.

2.2. Extended Dynamic Mode Decomposition

In order to approximate FP operator P using EDMD,
we first partition the phase-space into Npar non-
overlapping partitions Ei and introduce a decomposi-
tion of our phase-space density f into its values within
these partitions as follows

f(x) =
Npar∑
i=1

ψi(x), (2)

where ψi(x) defines a basis expansion associated with
partition Ei and ψi(x) = 0 for x 6∈ Ei. Scaled Legen-
dre polynomials of total degree P are employed for the
basis functions in both the spatial coordinate s and the
directional coordinate p. The choice of Legendre poly-
nomials is motivated by their orthogonality properties
over bounded intervals, which can be beneficial for con-
ditioning and stability. To implement these Legendre
polynomial basis functions, we first enclose each parti-
tion Ei ⊂ X in the smallest possible Cartesian bound-
ing boxBEi =

(
sc − hs

2 , sc + hs

2
)
×
(
pc − hp

2 , pc + hp

2

)
with side-lengths hs and hp, and centroid (sc, pc). We
define the affine map as

(s̃, p̃) = x̃ =
(

2 (s− sc)
hs

,
2 (p− pc)

hp

)
, (3)

which carries BEi
on to the reference box B̃Ei

=
(−1, 1)2. Accordingly, the basis expansion is defined
locally on each partition as ψi(x) ={ ∑P

j=0
∑P−j
k=0 f

i
j,k L

i
j(s̃)Lik(p̃) if (s, p) ∈ Ei,

0 otherwise,
(4)

where f ij,k are the basis expansion coefficients in Ei,
and Lij and Lik denote the scaled Legendre polynomi-
als of degree j and k in the normalised coordinates s̃,
and p̃, respectively. The scaling of the Legendre poly-
nomials is implemented by introducing a pre-factor of√

(2j + 1)/hs for Lij(s̃) and
√

(2k + 1)/hp for Lik(p̃).

In EDMD, the approximated FP operator P is con-
structed from a set of M trajectory data points
xm = (sm, pm) for m = 1, . . . ,M . Given this data,
together with the corresponding mapped data Φ(xm)
for m = 1, . . . ,M , then the EDMD approximation of
the FP operator is defined as

P = H−1G. (5)

Here, H is a block-matrix comprising Npar × Npar
square blocks of length (P + 1)(P + 2)/2. For i, i′ =
1, 2, . . . Npar, these blocks Hi,i′ contain entries of the
form

1
M

M∑
m=1

Lij(s̃m)Lik(p̃m)Li
′

j′(s̃m)Li
′

k′(p̃m).

The matrix H is primarily associated with the normal-
isation of the basis. The indexing for each Legendre
polynomial pair (j, k) or (j′, k′) within the matrix
block entries runs with the same ordering as in the
double sum in (4), increasing with row number for the
pair with superscript i, and with column number for
the pair with superscript i′.

Likewise, the matrix G has the same Npar×Npar block
structure with square blocks of length (P+1)(P+2)/2.
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For i, i′ = 1, 2, . . . Npar, these blocks, Gi,i′ have entries

1
M

M∑
m=1

e−µRLij(Φ̃s(xm))Lik(Φ̃p(xm))Li
′

j′(s̃m)Li
′

k′(p̃m).

The matrix G describes the mapping of a boundary
density between sending and receiving partitions un-
der the ray dynamics. As with the blocks Hi,i′ , the
index pair (j, k) increases with the row number taking
the same values as prescribed by the double sum in
(4), and likewise (j′, k′) for the columns. The rows
of G correspond to receiving ray partition indices,
while the columns correspond to sending ray parti-
tion indices. The exponential pre-factor is included
to account for dissipation arising from, for example,
structural damping. Here, µ is the (locally constant)
attenuation coefficient and R denotes the Euclidean
length of the ray from s to Φs(xm). Note that we
have decomposed the flow map Φ into its separate
arclength position and tangential slowness coordinates
written as Φ(xm) = (Φs(xm),Φp(xm)). The tildes
are used to represent normalisation via the map (3)
as before.
Once we have our finite dimensional approximation P
of the FP operator, then we may use it to propagate an
initial phase-space density f0 through arbitrarily many
boundary reflections to obtain a stationary density f .
We can obtain the basis expansion coefficients for f in
a vector f = [f1

0,0 f
1
0,1 · · · f1

P,0 f
2
0,0 · · · f

Npar
P,0 ]T by taking

a sum over multiple iterations of the approximated
FP operator via

f =
∞∑
n=0

Pnf0. (6)

Here, f0 is the vector of basis coefficients obtained
by Galerkin projecting the initial density f0 onto the
same basis. Using a Neumann series argument and
assuming the spectrum of P is contained within the
unit circle (this will be true for µ > 0), then the
evaluation of f reduces to solving the linear system

(I−P) f = f0, (7)

where I is the identity matrix. Equation (7) provides
a complete description of the steady-state boundary
phase-space density resulting from repeated ray prop-
agation and boundary interactions.

2.3. Source representation and initial densi-
ties

We consider a boundary source located along a subset
of the boundary Γ0 ⊂ Γ. We take the source to
be spatially constant along Γ0 and assume that it is
concentrated in a single prescribed direction travelling
into Ω. The source is therefore localised to a single
momentum coordinate p = p0. The initial density of
the boundary source is therefore written as:

f0(s, p) = χΓ0(s)δ(p− p0), (8)

where χΓ0(s) denotes an indicator function with sup-
port along Γ0 and δ(p− p0) is a Dirac delta concen-
trated at the prescribed tangential momentum p0.

2.4. Interior density reconstruction
The interior density describes the distribution ob-
tained after propagating the stationary density f into
Ω. The interior density at a point r within our domain
is obtained by integrating the contribution from f ar-
riving at r from Γ. This can be naturally expressed
as an integral over the global direction Θ ∈ [0, 2π)
arriving at r ∈ Ω which, after a change of variables,
is equivalently written as a boundary integral around
Γ. The resulting expression is given by [13]:

fΩ(r) =
∫ 2π

0
e−µd(r,s)f(s, p)dΘ

= η2
∫

Γ
e−µd(r,s)f(s, p)cos(φ(r, s))

d(r, s) ds.
(9)

Here, the stationary density f is evaluated on each
phase-space partition using its expansion in terms
of Legendre polynomial basis functions in both the
spatial and directional coordinates. Specifically, it is
approximated by combining (2) and (4) as:

f(s, p) ≈
NPar∑
i=1

P∑
j=0

P−j∑
k=0

f ij,kL
i
j(s̃)Lik(p̃). (10)

Numerically, the integral in Equation (9) is approx-
imated using a quadrature rule applied over each
partition. Note that d(r, s) is the Euclidean dis-
tance between the integration point s along Γ and
the evaluation point r within the domain. The angle
φ(r, s) ∈ (−π/2, π/2) is formed between the interior
normal to Γ at s and the ray leaving s and arriving
at r. Directions oriented anticlockwise with respect
to Γ are positive.

3. Data-driven phase-space partition-
ing

The phase-space partitioning process is defined by the
pre-image Φ−1 of mapping between sending and receiv-
ing boundary edges for each ray trajectory. Starting
from the set of sending data points along the boundary
of a convex polygonal domain, it is evident that rays
emitted from any given edge could have arrived from
all other remaining edges. The direction component θ
of a ray emitted into the domain from Γ varies from
−π/2 to π/2, taking the value θ = 0 when travelling
in the normal direction and taking positive values
when its tangential component is anti-clockwise along
Γ. This ray would have arrived from the other edges
of Γ in an ordered sequence as θ is increased: firstly
from the edge connected to the right of the current
one, then the remaining opposite edges in anticlock-
wise order and finally the edge connected to the left
of the current edge. Thus, for a ray leaving the first
(labelled) edge of an N -sided convex polygon with
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edges numbered in anti-clockwise order, the possible
pre-image mappings are 2 → 1, 3 → 1, ..., N → 1.
The same ordering principle applies analogously to
all edges. This grouping procedure enables the as-
signment of a unique index to each sending partition.
Each partition represents a set of rays arriving from
a specific edge and then being sent from a specified
sending edge (edge 1 in the example above).

Figure 1: Data partitions for a unit square domain based
on subdividing the ray trajectory data at discontinuities
in the pre-image Φ−1 of the ray flow map. The position
data values sm, m = 1, . . . ,M parametrise the boundary
of the square by arclength. The momentum data values
pm, m = 1, . . . ,M prescribe the tangential component of
the outgoing ray vector of unit length. The plot is shown
with M = 250000 regularly spaced data points.

Using this approach on a quadrilateral domain, for
example, the minimum number of distinct sending
partitions is 12 as shown for a unit square domain in
Figure 1. Each sending partition is associated with a
corresponding receiving partition, which is assigned
a unique receiving index. This index is determined
by treating the intersection point of the original ray
as a new sending point and considering the pre-image
once again. The boundary edge on which this point
lies is first identified, followed by the determination
of the angular region corresponding to its incoming
direction. By following this procedure, two vectors of
partition indices, one for the sending partitions and
one for the receiving partitions, can be constructed.
Although this minimal partitioning provides the geo-
metric foundation of the method, further subdivision
into sub-partitions in p may be required to achieve
numerical convergence for highly directional source
terms such as the initial density f0 introduced in Sec-
tion 2.3. To illustrate this procedure, a directional
partition size parameter, ∆p, is introduced to control
the subdivision process. The number of directional
sub-partitions is then determined from the ratio of
the partition’s angular range to ∆p. Since the angular

widths of the geometric partitions are not uniform,
each primary partition may generate a different num-
ber of directional sub-partitions.

4. Numerical results
To assess the accuracy and convergence of our data-
driven phase-space partitioning method, the numerical
interior density given by Equation (9) is compared
against an exact solution. The comparison is per-
formed by evaluating the relative L1 error between
the numerical and exact interior density solutions over
a set of NΩ evaluation points rα, α = 1, . . . , NΩ which
is given by:

ErrorL1 =
∑NΩ
α=1

∣∣fΩ(rα)− fExact
Ω (rα)

∣∣∑NΩ
α=1

∣∣fExact
Ω (rα)

∣∣ . (11)

We consider the boundary source (8) in a unit square
domain (0, 1)× (0, 1) with p0 = 0 and Γ0 taken to be
the left edge of the square. An exact expression for the
interior density can be derived by summing the con-
tributions from rays propagating between the left and
right edges. In this case, the left boundary contributes
the right-propagating attenuated rays, while the op-
posite boundary accounts for the left-propagating con-
tributions. Accordingly, for a source distributed along
the left edge, the exact interior density is given by:

fExact
Ω (r) = cosh(µ(x− 1))

sinh(µ) , (12)

where r = (x, y) denotes the interior spatial coordi-
nate.

Table 1: The relative L1 error and estimated order of
convergence (EoC) for the interior density fΩ with attenu-
ation parameter µ = π/2 and computed with M = 250000
data points.

∆p ErrorL1 EoC
1.0 4.23e-1 -
0.5 1.12e-1 1.9
0.2 4.03e-2 1.1
0.075 5.20e-3 2.1
0.03 2.73e-3 0.7
0.02 9.59e-4 2.6
0.01 1.26e-4 2.9

Numerical simulations were performed using piecewise
constant basis functions, i.e., P = 0 since the exact
solution takes constant values along Γ, meaning P = 0
should be sufficient to match the exact solution. The
method demonstrates excellent agreement with the
exact solution. In particular, Table 1 shows that
the relative L1 error decreases to 1.26 × 10−4 for
∆p = 0.01. The estimated convergence rate does
not show any clear trend however, varying between
0.7 and 2.9 and behaving around second order on
average, but increasing towards third order for small
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enough ∆p.

5. Conclusion
This work has presented a data-driven DEA approxi-
mation of high-frequency vibrational energy distribu-
tions in bounded convex polygonal domains by evalu-
ating the Frobenius–Perron operator within an EDMD
framework. By combining a phase-space partitioning
method with a Legendre polynomial basis expansion,
the proposed approach provides a systematic method-
ology for modelling the propagation of vibrational
energy along ray trajectories. The numerical results
demonstrate the convergence of the data-driven DEA
approximation. Overall, the presented methodology
offers a robust approach for the prediction of high-
frequency vibrational energy distributions and pro-
vides a strong foundation for future extensions to
more complex structural geometries, sources types,
and vibro-acoustic industry applications.
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