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Abstract
This paper investigates the limits of acoustic source
localization when using multipole-based models in a
two-dimensional cylindrical-wave framework. A small
candidate displacement of a monopole source relative
to the microphone array generates additional spatial
patterns beyond the basic monopole field. These pat-
terns carry essential information about the source po-
sition. When the source position and multipole ampli-
tudes are estimated jointly from noisy measurements,
including more multipole components can uninten-
tionally remove part of this localization information.
Dipole and quadrupole terms may absorb the effects
of this small displacement, making the position in-
creasingly difficult to identify. This leads to a loss of
local identifiability and a degradation of estimation
accuracy. More generally, the estimation behavior is
governed by the lowest-order residual term in the field
expansion. After profiling the fitted multipole am-
plitudes, the resulting local behavior is analogous to
scalar Gaussian mean models with linear, quadratic,
or cubic means. These results are derived analytically
and confirmed through numerical simulations, showing
strong agreement between theory and practice.
Keywords: source localization, multipolar expansion, es-
timation accuracy, singular fisher information, cramér-rao
bound

1. Introduction
Acoustic source localization is a fundamental prob-
lem in acoustics [1], aeroacoustics [2], room acoustics
[3], noise, vibration and harshness applications [4],
and structural health monitoring [5]. The objective
is to estimate the position of a sound source from
measurements collected by an array of sensors. In
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many practical situations, however, the source is not
purely omnidirectional. Its radiation pattern may be
directional and is often represented using multipole
components such as monopoles, dipoles, quadrupoles,
and higher-order terms [6].
This leads to a joint estimation problem where the
source position and the source directivity must be
estimated simultaneously. In a multipole formulation,
the directivity is represented by unknown multipole
amplitudes. These amplitudes act as nuisance param-
eters when the main quantity of interest is the source
position. Although adding multipole components im-
proves the ability of the model to represent complex
radiation patterns, it can also make localization more
difficult [6].
The difficulty comes from the fact that a small dis-
placement of a source of a given order, for exam-
ple a monopole, generates field variations that have
the same spatial structure as higher-order multipole
components, such as dipoles and quadrupoles. Con-
sequently, when multipole amplitudes are estimated
freely, part of the information associated with source
displacement can be absorbed by the directivity pa-
rameters. This creates a coupling between localization
and directivity estimation and may lead to a loss of lo-
cal identifiability due to a singular Fisher information
matrix [6]. In other words, a directivity component
fitted at one assumed position may mimic the field
variation that would otherwise reveal a small displace-
ment of a simpler source.
In this work, we study this mechanism in a two-
dimensional cylindrical-wave framework. The analysis
is performed locally around a reference position, cho-
sen as the origin. The parameter (x) is therefore
interpreted as a candidate displacement around this
reference position. The field generated by a candidate
monopole located at (x,0) is expanded around the
origin in order to identify the harmonic terms created
by this displacement. In the singular analysis and in
the numerical simulations, the true source is located
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at the reference position, while the likelihood is eval-
uated over a grid of candidate positions around the
reference position.
We then analyze three truncated estimation models:
monopole only, monopole plus dipole, and monopole
plus dipole plus quadrupole. For each model, we deter-
mine analytically which displacement-induced terms
are absorbed by the fitted multipole amplitudes and
which residual term remains available for localization.
This approach allows us to characterize the interplay
between source position and multipole amplitudes and
to understand how model complexity influences local-
ization performance. The analytical findings are then
confirmed by numerical simulations.
The source model and the three truncated estimation
models are introduced in Section 2. Their effect on
local identifiability and localization accuracy is then
analyzed. The analytical findings are validated by
numerical simulations in Section 3. Conclusions are
finally given in Section 4.

2. Acoustic model and truncated repre-
sentations

We consider a two-dimensional monopole source whose
candidate position is (x, 0), where x denotes a local
displacement with respect to a fixed reference position
chosen as the origin. For a fixed observation point
(X,Y ), the acoustic pressure field associated with this
candidate position is

ux(X,Y ) = AH0 (kρx) , (1)

where
ρx =

√
(X − x)2 + Y 2. (2)

Here, A is the monopole amplitude, k is the acoustic
wavenumber, and Hℓ denotes the Hankel function of
the first kind of order ℓ (with ℓ = 0 for a monopole).
The case x = 0 corresponds to the source located at
the reference position.
To derive a local expansion with respect to the source
displacement, we fix the observation point (X,Y ) and
define the auxiliary function

g(s) = AH0

(
k
√

(X − s)2 + Y 2
)
. (3)

The acoustic field when the source is at the origin, i.e.
when x = 0, is denoted by u0(X,Y ). It is given by

u0(X,Y ) = AH0

(
k
√
X2 + Y 2

)
. (4)

With this notation, we have

g(0) = u0(X,Y ), g(x) = ux(X,Y ). (5)

Applying the Taylor expansion of g around s = 0 gives

g(x) = g(0) + g′(0)x+ g′′(0)
2 x2 + g(3)(0)

6 x3 +O(x4).
(6)

We introduce the polar coordinates centered at the

fixed origin,

r =
√
X2 + Y 2, θ = atan2(Y,X). (7)

After calculating g′(0), g′′(0), and g(3)(0), the shifted
candidate monopole field can be written as

ux = c0(x)ψ0 + c1(x)ψ1 + c2(x)ψ2 + c3(x)ψ3 +O(x4).
(8)

The origin-centered harmonic components are defined
by

ψ0 = H0(kr), ψ1 = cos θH1(kr), (9)
and

ψ2 = cos(2θ)H2(kr), ψ3 = cos(3θ)H3(kr). (10)

The first coefficients are

c0(x) = A

(
1 − k2x2

4

)
, (11)

c1(x) = A

(
kx− k3x3

8

)
, (12)

c2(x) = A
k2x2

4 , (13)

and
c3(x) = A

k3x3

24 . (14)

For clarity, the analytical derivation is written us-
ing real cosine harmonics. This choice is natural be-
cause the candidate displacement is taken along the
x-axis, so the local expansion of the field generates
cosine angular dependencies. The same subspaces can
equivalently be represented using complex exponential
harmonics with positive and negative orders, since

cos(ℓθ) = eiℓθ + e−iℓθ

2 . (15)

The real angular basis is therefore used only to simplify
the analytical presentation.
The basis functions ψj depend only on the fixed ob-
servation coordinates. The source displacement x
appears only in the coefficients cj(x). Because the
analysis is local around x = 0, the first non-zero resid-
ual term dominates the small-displacement behavior,
while higher-order terms are asymptotically negligible.
Therefore, as follows from Eqs. (12) to (14), a small
candidate displacement of a monopole source gener-
ates a hierarchy of harmonic components: a dipole
term proportional to x, a quadrupole term propor-
tional to x2, and an octupole term proportional to
x3.

2.1. Truncated directivity models
We now consider three truncated directivity models.
In each case, the included multipole amplitudes are
estimated jointly with the source position. Assuming
additive Gaussian noise, maximum likelihood estima-
tion is equivalent to a least-squares fitting problem.
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For a model containing the first q harmonic compo-
nents, we write

mq =
q−1∑
ℓ=0

aℓψℓ. (16)

Here, aℓ are unknown fitted amplitudes. For a fixed
candidate displacement x, the noiseless field is

ux =
∞∑

ℓ=0
cℓ(x)ψℓ. (17)

In the least-squares projection, the fitted amplitudes
absorb the components that belong to the chosen
model. In the noiseless case, this gives

aℓ = cℓ(x), ℓ = 0, . . . , q − 1. (18)

Therefore, after profiling the amplitudes, the informa-
tion about x carried by the fitted coefficients is no
longer independently available for localization. The
source position can then only be inferred from the
residual field

Rq(x) = ux −mq. (19)
Equivalently,

Rq(x) =
∞∑

ℓ=q

cℓ(x)ψℓ. (20)

Thus, the localization information is carried by the
first harmonic component not included in the fitted
directivity model.
2.1.1. Monopole model
The monopole model is

m1 = a0ψ0. (21)

The fitted amplitude absorbs the monopole coefficient,
namely

a0 = c0(x). (22)
The leading residual term is therefore

R1(x) = Akxψ1 +O(x2). (23)

Thus, the first residual term is linear in x.
2.1.2. Monopole-dipole model
The monopole-dipole model is

m2 = a0ψ0 + a1ψ1. (24)

The fitted amplitudes absorb the monopole and dipole
coefficients:

a0 = c0(x), a1 = c1(x). (25)

The leading residual term is therefore

R2(x) = A
k2x2

4 ψ2 +O(x3). (26)

Thus, the first residual term is quadratic in x.
2.1.3. Monopole-dipole-quadrupole model
The monopole-dipole-quadrupole model is

m3 = a0ψ0 + a1ψ1 + a2ψ2. (27)

The fitted amplitudes absorb the monopole, dipole,
and quadrupole coefficients:

a0 = c0(x), a1 = c1(x), a2 = c2(x). (28)

The leading residual term is therefore

R3(x) = A
k3x3

24 ψ3 +O(x4). (29)

Thus, the first residual term is cubic in x. These three
cases show that increasing the order of the directivity
model shifts the localization information toward higher
powers of the source displacement.

3. Numerical validation
This section presents a Monte Carlo simulation used
to validate the analytical behavior described in the
previous sections. The objective is to show how the
distribution of the estimated source position changes
when the order of the fitted directivity model is in-
creased.

3.1. Simulation setup
A circular array of Nm = 100 microphones is consid-
ered. The microphones are uniformly distributed on
a circle of radius R = 10 m. The m-th microphone
position is denoted by (Xm, Ym). The true source is
located at the reference position, chosen as the origin,

x⋆ = 0, y⋆ = 0. (30)

The true source is a pure monopole with amplitude
a0 = 1. All higher-order multipole amplitudes are set
to zero. Therefore, the simulated measured field is

y = a0d0(x⋆, y⋆) + ε, (31)

where d0(x⋆, y⋆) ∈ CNm is the complex monopole field
generated by the true source position and evaluated
at the microphone positions. Its m-th component is
defined by

[d0(x⋆, y⋆)]m = H0(kr⋆
m), (32)

where

r⋆
m =

√
(Xm − x⋆)2 + (Ym − y⋆)2. (33)

Since the true source is located at the center of the
circular array, one has r⋆

m = R for all microphones,
and therefore [d0(x⋆, y⋆)]m = H0(kR).
The vector ε ∈ CNm is an additive complex noise
vector. In the simulation, the real and imaginary parts
of each noise component are independent Gaussian
variables with standard deviation σ = 10−3. More

12th Convention of the European Acoustics Association
Graz, Austria • 8th – 12th September 2026 •

P
re
lim

in
ar
y
do
cu
m
en
t

https://euracoustics.org/
http://aaa-oega.org/


precisely,
εm = σ(ξm + iηm), (34)

where ξm and ηm are independent standard normal
variables. Therefore, the noise power per micro-
phone is 2σ2. The frequency is f0 = 1000 Hz and
the sound speed is c = 343 m/s. Using the noise-
less monopole field H0(kR), with k = 2πf0/c, the
corresponding signal-to-noise ratio is approximately
SNRdB ≃ 32.4 dB.
The source position is estimated on a one-dimensional
search grid along the line y = 0. The grid is defined
over the search interval

xg ∈ [−0.03, 0.03], (35)

using 5000 grid points. The interval is chosen to be
local with respect to the acoustic wavelength. The
wavelength is λ = c/f0 = 0.343 m. The maximum
searched displacement is therefore 0.03 m ≃ 0.087λ,
meaning that the search interval corresponds to only
about 8.7% of one wavelength. This confirms that the
numerical search is restricted to small displacements
around the reference position, consistently with the
local Taylor expansion used in the analytical deriva-
tion. The grid coordinate xg represents a candidate
displacement around the reference position. Thus, the
true displacement is zero, but the likelihood is eval-
uated over the grid of candidate positions. For each
Monte Carlo trial, a new noisy measurement vector is
generated and the source position is estimated on the
grid.

3.2. Fitted multipole dictionary
For a candidate source position (xg, 0), the complex
field associated with multipole order ℓ is represented
by the vector dℓ(xg) ∈ CNm . Its m-th component is
written as

[dℓ(xg)]m = Hℓ(krg,m) exp(iℓϕg,m), (36)

where the quantities rg,m and ϕg,m are respectively
the distance and angle between the candidate source
position and microphone m.
For a maximum multipole order K, the fitted dictio-
nary is

DK(xg) = [d−K(xg), . . . ,d0(xg), . . . ,dK(xg)] . (37)

Thus, DK(xg) ∈ CNm×(2K+1), and the fitted multi-
pole amplitudes are complex-valued.
Although the analytical derivation is written using
real cosine harmonics for simplicity, the numerical
dictionary is expressed in terms of complex exponen-
tials. This is the natural representation in a frequency-
domain formulation, where acoustic pressure fields are
described by complex phasors. Moreover, it allows the
positive and negative multipole orders to be included
symmetrically in the fitted dictionary.
Thus, the three tested cases are:

• K = 0: monopole model,

• K = 1: monopole-dipole model,

• K = 2: monopole-dipole-quadrupole model.

For each candidate position, the complex multipole
amplitudes are estimated by least squares,

â(xg) = DK(xg)+y. (38)

Here, DK(xg)+ denotes the Moore–Penrose pseudo-
inverse of the dictionary.

3.3. Profiled maximum likelihood criterion
For a fixed candidate position xg, the fitted field is

ŷ(xg) = DK(xg)â(xg). (39)

The profiled least-squares criterion consists in min-
imizing the squared complex Euclidean norm (the
squared ℓ2-norm) of the residual,

∥y − ŷ(xg)∥2
2 . (40)

Here, ∥ · ∥2 denotes the Euclidean norm on complex
vectors.
Equivalently, since ∥y∥2

2 is independent of xg, the esti-
mator can be obtained by maximizing the projection
energy,

BK(xg) =
∥∥DK(xg)DK(xg)+y

∥∥2
2 . (41)

The estimated source position is therefore

x̂ = arg max
xg

BK(xg). (42)

3.4. Monte Carlo results
The simulation is repeated over 1000 independent
noise realizations. For each realization, the source
position is estimated using the profiled projection
criterion. The resulting histograms of x̂ are shown in
Fig. 1 for K = 0, K = 1, and K = 2.
The interpretation of these histograms can be clari-
fied by comparison with simple (toy) scalar Gaussian
mean models. This scalar comparison is only used
to interpret the estimator distributions; the acoustic
simulations themselves are performed with complex-
valued pressure data. Let Yi denote the i-th scalar
observation in such a toy model. The data are as-
sumed independent and distributed as

Yi ∼ N (µp(z), σ2), (43)

where z is the unknown scalar parameter, µp(z) is the
mean function, and p denotes the power of this mean
function. In the three cases considered here,

µ1(z) = z, µ2(z) = z2, µ3(z) = z3. (44)

The true value is z⋆ = 0. Therefore, in all three toy
models, the generated data satisfy

Yi ∼ N (0, σ2). (45)
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Figure 1: Monte Carlo histograms of the estimated
source position for: (a) monopole model (K = 0), (b)
monopole-dipole model (K = 1), and (c) monopole-dipole-
quadrupole model (K = 2).

However, the estimator distribution is different in each
case because the model used to infer z has a different
mean function.
Let Y denote the sample mean. For the regular linear
model, Yi ∼ N (z, σ2), the maximum likelihood esti-
mator is ẑ = Y , which is Gaussian. For the quadratic
singular model, Yi ∼ N (z2, σ2), the estimator is ob-
tained from z2 = Y , leading to zero or two symmetric
maximizers depending on the sign of Y . For the cu-
bic singular model, Yi ∼ N (z3, σ2), the estimator is
ẑ = 3√

Y , which produces a symmetric bimodal distri-
bution with zero density at ẑ = 0.
The acoustic simulations show the same qualitative
statistical behavior because, after profiling the fitted
multipole amplitudes, the first non-absorbed residual
term scales linearly with x for K = 0, quadratically
with x for K = 1, and cubically with x for K = 2, as
shown in Eqs. (23), (26), and (29), respectively.
For K = 0, only the monopole amplitude is fitted.
The first residual term is then proportional to the can-
didate displacement xg. The estimation problem is
regular and the estimated position asymptotically fol-
lows a Gaussian law centered around the true position.
This is in agreement with the analytical prediction
obtained from the scalar Gaussian linear mean model.
For K = 1, the monopole and dipole amplitudes are
fitted jointly with the source position. The dipole con-

tribution generated by a small candidate displacement
can therefore be absorbed by the fitted directivity
model. The leading residual term is then proportional
to x2

g. This creates a singular estimation problem. In
the histogram, this appears as a strong concentration
near x = 0, together with symmetric spreading on
both sides of the true position. This is in agreement
with the analytical prediction obtained from the scalar
Gaussian quadratic mean model.
For K = 2, the monopole, dipole, and quadrupole
amplitudes are fitted. In this case, both the linear and
quadratic displacement signatures are absorbed by the
directivity model. The first remaining residual term
is proportional to x3

g. The resulting estimator distri-
bution is no longer Gaussian and becomes bimodal,
with two symmetric peaks on both sides of the true
reference position. This is in agreement with the ana-
lytical prediction obtained from the scalar Gaussian
cubic mean model.
These numerical results confirm the theoretical analy-
sis. Increasing the order of the fitted directivity model
progressively removes the lower-order displacement
information from the residual field. As a consequence,
the localization problem becomes increasingly singular
and the distribution of the estimated position changes
from a standard unimodal shape to non-standard sin-
gular distributions.

4. Conclusions
This paper investigated the effect of joint position
and directivity estimation on acoustic source local-
ization. The analysis showed that, when multipole
amplitudes are estimated freely, some displacement-
induced field components can be absorbed by the
fitted directivity model. As a consequence, the lo-
calization information is carried by the first residual
harmonic that is not included in the model. For a
monopole-only model, the leading residual term is
linear in the candidate displacement, and the local-
ization problem remains regular. This case has the
same local structure as estimating a scalar parame-
ter from a Gaussian mean model with a linear mean.
When dipole or quadrupole components are included
in the fitted model, the leading residual term becomes
quadratic or cubic in the displacement. These cases
are locally analogous to Gaussian mean models with
quadratic and cubic means, respectively. At the ref-
erence source position, the corresponding first-order
sensitivity vanishes, the Fisher information becomes
singular, and the estimator distribution becomes non-
standard. The numerical simulations confirmed these
analytical predictions. With the true source located
at the reference position, increasing the multipole or-
der changed the distribution of the estimated position
from the classical regular behavior, which is asymptoti-
cally Gaussian, to singular non-Gaussian distributions.
These results highlight a trade-off in multipole-based
acoustic localization: increasing the directivity model
order can improve field representation, but it can also
reduce the amount of independent information avail-
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able for estimating the source position. The proposed
analysis provides a theoretical explanation of this ef-
fect and clarifies how joint estimation of localization
and directivity can degrade localization accuracy.
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