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Abstract
The study reported in this paper reviews three for-
mulations for predicting the wall-pressure spectrum
beneath a turbulent boundary layer and establishes
their connection under a common set of assumptions.
The model inputs required by the formulations are
also examined, and predictions are presented for a
zero-pressure-gradient turbulent boundary layer at
a specific Reynolds number. Finally, the contribu-
tions of different wall-normal regions of the boundary
layer to the wall-pressure spectrum are analyzed as a
function of frequency.

Keywords: Wall-pressure fluctuations, Turbulent Bound-
ary layer, Wave number frequency spectrum, Analytical
model

1. Introduction
Wall-pressure fluctuations induced by turbulent flows
constitute a major source of flow-induced structural
vibrations and the associated radiated noise in a broad
range of engineering applications. These include naval
structures [1], [2], aircraft cabin noise, trailing-edge
noise from aerodynamic lifting surfaces [3], fans, and
wind turbines, among many others.
The work reported in this paper seeks to develop
and assess computationally efficient predictive models
for the wall-pressure spectrum that retain a strong
physical basis, in contrast to purely empirical formu-
lations. In line with this objective, three approaches
are considered, namely those described by Grasso et
al. [4], Peltier and Hambric [5], and Lysak [6] (see
also earlier references therein), hereafter referred to
as Formulations 1-3.
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Copyright: ©2026 Rokade et al. This is an open-access article
distributed under the terms of the Creative Commons Attri-
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In the present paper, the three approaches are re-
viewed, and the connections between them are es-
tablished. In particular, it is shown that the three
final expressions for the wall-pressure spectrum can
be recovered from one another through appropriate
assumptions (Sec. 2). The mean-flow and turbulence
quantities required as inputs to the formulations are
subsequently discussed (Sec. 3). The formulations
are then applied to a zero-pressure-gradient turbulent
boundary layer at a specific Reynolds number, and
their predictions are compared with experimental data
(Sec. 4). Finally, their integral structure is exploited to
investigate the contributions of different wall-normal
regions of the boundary layer to the wall-pressure spec-
trum, providing insight into the regions responsible for
wall-pressure fluctuations across different frequency
ranges.

2. Review of three formulations
A Cartesian coordinate system (x1, x2, x3) is adopted,
where x1, x2, and x3 denote the streamwise, wall-
normal, and spanwise directions, respectively.
The wall-pressure spectrum, Spp(ω), is defined as the
temporal Fourier transform of the wall-pressure auto-
correlation function,

Spp(ω) = 1
2π

∫ +∞

−∞
p′(xw, t) p′(xw, t + τ)eiωτ dτ, (1)

where ω is the angular frequency, p′ the pressure
fluctuation, xw an arbitrary point on the wall, t a
reference time, and the overline denotes temporal
averaging. By Parseval’s theorem,

p′2 =
∫ +∞

−∞
Spp(ω) dω. (2)

The starting point of all three formulations is the
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Poisson equation governing incompressible pressure
fluctuations [7], [8],

∇2p′ = −(Λr + Λs), (3)

where Λr and Λs denote the rapid and slow source
terms, respectively. The rapid source results from
the interaction between turbulent fluctuations and
the mean velocity gradients, whereas the slow source
is associated with turbulence-turbulence interactions.
Following most previous studies [9], only the rapid
source term is retained,

Λr = 2ρ
dŪ1

dx2

∂u′
2

∂x1
, (4)

where Ū1(x2) denotes the mean streamwise velocity,
u′

2 the wall-normal velocity fluctuation, and ρ the
fluid density. The pressure field satisfies the Neumann
boundary condition

∂p′

∂x2
= 0, x2 = 0.

The three formulations reviewed in this paper differ
only in the mathematical treatment of Eq. (3). In
all cases, the turbulent velocity field is assumed to
be statistically stationary and homogeneous in the
wall-parallel directions, and Taylor’s frozen-turbulence
hypothesis is adopted.

2.1. Formulation 1
Formulation 1 follows the approach described by
Grasso et al. [4]. Equation (3) is first Fourier trans-
formed along the homogeneous axes (x1, x3), yielding
a one-dimensional Helmholtz equation in the wall-
normal direction. This equation is solved using the
one-dimensional Green’s function satisfying the Neu-
mann boundary condition at the wall, leading to an in-
tegral representation of the transformed pressure fluc-
tuation p′(k⊥, x2, t), where k⊥ = (k1, k3) denotes the
wall-parallel wavenumber vector. The wall-pressure
wavenumber spectrum, Φpp(k⊥, τ), is then obtained
from the pressure autocorrelation in the transformed
domain. Finally, integrating over the wall-parallel
wavenumbers and applying a temporal Fourier trans-
form yields

S(1)
pp (ω) = 4ρ2

+∞∫
−∞

∞∫
0

∞∫
−x2

ω2e−k⊥[2x2+ξ2]

U3
c (x2 + ξ2) k2

⊥

dŪ1(η)
dη

∣∣∣∣
η=x2

× dŪ1(η)
dη

∣∣∣∣
η=x2+ξ2

ϕ22
(
k⊥, x2, ξ2

)
dξ2 dx2 dk3,

(5)
where

k⊥ =
√

k2
1 + k2

3, k1 = ω

Uc(x2 + ξ2) , (6)

and Uc denotes the convection velocity. The quantity
ϕ22 is the two-dimensional cross-spectrum of the wall-

normal velocity fluctuations,

ϕ22(k⊥, x2, ξ2) = 1
4π2

+∞∫∫
−∞

u′
2(x, t)u′

2(x + ξ, t)

× e−ik⊥·ξ⊥ dξ⊥,

(7)

where ξ = (ξ1, ξ2, ξ3) is the separation vector and
ξ⊥ = (ξ1, ξ3) its wall-parallel component. The depen-
dence of ϕ22 on both the reference position x2 and
the wall-normal separation ξ2 reflects the inhomogene-
ity of the turbulent velocity field in the wall-normal
direction.

2.2. Formulation 2

Formulation 2 follows the approach described by
Peltier and Hambric [5]. The derivation starts from
an integral representation of the fluctuating pressure
field, p′(x, t), obtained from the three-dimensional
Green’s function satisfying the Neumann boundary
condition at the wall. The wall-pressure autocorrela-
tion function (see Eq. (1)) is then constructed, leading
to a septuple integral over the source position x, the
separation vector ξ, and the time lag τ .

To simplify the resulting expression, it is assumed that,
for a given reference position x2, the cross-spectrum
ϕ22(k⊥, x2, ξ2) decays rapidly with the wall-normal
separation ξ2. Consequently, the dominant contribu-
tion to the integral arises from the vicinity of ξ2 = 0,
allowing the approximations

Uc(x2 + ξ2) ≃ Uc(x2),

dŪ1

dη

∣∣∣∣
x2

dŪ1

dη

∣∣∣∣
x2+ξ2

≃ dŪ1

dη

∣∣∣∣2

x2

.
(8)

A second approximation consists in neglecting the
effect of the near-wall region to the wall-pressure spec-
trum. Consequently, only reference positions x2 suf-
ficiently far from the wall contribute significantly to
the integral. For such positions, ϕ22(k⊥, x2, ξ2) is neg-
ligible in the vicinity of the wall (ξ2 = −x2) and may
therefore be regarded as a function of ξ2 defined over
the entire real line by extending it with zero values
outside its effective support. The Fourier inversion
theorem may then be applied, yielding

ϕ22(k⊥, x2, ξ2) =
+∞∫

−∞

ϕ22(k⊥, x2, k2)eik2ξ2 dk2, (9)

where ϕ22(k⊥, x2, k2) denotes the wall-normal compo-
nent of the three-dimensional spectral tensor of veloc-
ity fluctuations. Although defined in the wavenumber
space, this spectrum remains local since it is parame-
terized by the reference position x2.

These approximations considerably simplify the re-
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sulting expression, yielding

S(2)
pp (ω) = 4ρ2

+∞∫
0

ω2

Ū3
1 (x2)

dŪ1(η)
dη

∣∣∣∣2

η=x2

×

+∞∫∫
−∞

e−[k⊥+ik2]x2

k2
⊥ [k⊥ − ik2]ϕ22(k⊥, x2, k2) dk2 dk3

 dx2.

(10)

where k⊥ = (k2
1 + k2

3)1/2, with k1 given by Eq. (6).

2.3. Formulation 3
Formulation 3 follows the approach proposed by Lysak
[6]. The derivation begins with an integral representa-
tion of the fluctuating pressure field, p′(x, t), obtained
using the three-dimensional Green’s function satisfy-
ing the Neumann boundary condition at the wall. A
Fourier transform is then applied in the homogeneous
directions (x1, x3) and in time, yielding the trans-
formed wall-pressure fluctuation p′(k⊥, x2 = 0, ω).
The wall-pressure wavenumber-frequency spectrum,
Φpp(k⊥, ω), is subsequently derived through a lengthy
sequence of non-obvious analytical manipulations,
which are beyond the scope of the present paper, and
expressed in terms of the cross-spectrum ϕ22 evaluated
at k2 = 0, namely ϕ22(k⊥, x2, k2 = 0).
As in Formulation 2, obtaining this expression requires
assuming that the cross-spectrum ϕ22(k⊥, x2, ξ2) de-
cays rapidly with the wall-normal separation ξ2,
thereby allowing the same simplifying approximations.
In addition, ϕ22(k⊥, x2, ξ2) is supposed to be an even
function of ξ2, which further simplifies the resulting
expression. The wall-pressure spectrum is finally given
by

S(3)
pp (ω) = 8πρ2

∞∫
0

(
dŪ1

dx2

)2
ω2

U3
c (x2)

×

 +∞∫
−∞

e−2k⊥x2

k2
⊥

ϕ22(k⊥, x2, k2 = 0) dk3

 dx2.

(11)

where k⊥ = (k2
1 + k2

3)1/2, with k1 given by Eq. (6).

2.4. Connection between the formulations
Although derived using different mathematical ap-
proaches, the three formulations are closely related.
Formulation 1 is the most general, relying only on the
assumptions that the turbulent velocity field is sta-
tistically stationary, homogeneous in the wall-parallel
directions, and satisfies Taylor’s frozen-turbulence hy-
pothesis. Formulations 2 and 3 are recovered from
Formulation 1 through the successive introduction of
additional simplifying assumptions, as demonstrated
below.
2.4.1. From Formulation 1 to Formulation 2
Upon substituting the approximations (8) and the
Fourier representation (9) into Eq. (5), the following

expression is obtained:

S(1)
pp (ω) ≃ 4ρ2

∞∫
0

ω2

U3
c (x2)

dŪ1(η)
dη

∣∣∣∣2

η=x2

×

+∞∫∫
−∞

ϕ22(k⊥, x2, k2)
k2

⊥

×

 ∞∫
−x2

e−k⊥[2x2+ξ2]+ik2ξ2 dξ2

 dk2 dk3

 dx2.

(12)

The inner integral can be evaluated analytically, yield-
ing Eq. (10). Formulation 2 is therefore recovered
from Formulation 1, i.e., S

(1)
pp ≃ S

(2)
pp .

2.4.2. From Formulation 1 to Formulation 3
Introducing the approximations (8) into Eq. (5) gives
the following expression:

S(1)
pp (ω) ≃ 4ρ2

+∞∫
−∞

∞∫
0

ω2e−2k⊥x2

U3
c (x2) k2

⊥

dŪ1(η)
dη

∣∣∣∣2

η=x2

×

 ∞∫
−x2

ϕ22
(
k⊥, x2, ξ2

)
e−k⊥ξ2 dξ2

 dx2 dk3.

(13)

Since ϕ22 is assumed to decay rapidly with the wall-
normal separation ξ2, the dominant contribution to
the inner integral arises from the neighbourhood of
ξ2 = 0. In this neighbourhood, the exponential fac-
tor may therefore be approximated by its first-order
Taylor expansion about ξ2 = 0,

e−k⊥ξ2 ≃ 1 − k⊥ξ2.

In Formulation 3, ϕ22(k⊥, x2, ξ2) is further assumed
to be an even function of ξ2. Together with the rapid
decay of ϕ22, this symmetry implies that, for reference
positions sufficiently far from the wall, the contribu-
tion associated with the linear term in the Taylor
expansion vanishes. By neglecting the contribution
of the near-wall region, the lower integration limit
can again be extended from −x2 to −∞. Using the
identity

+∞∫
−∞

ϕ22
(
k⊥, x2, ξ2

)
dξ2 = 2π ϕ22(k⊥, x2, k2 = 0),

(14)
Eq. (11) is finally recovered, i.e., S

(1)
pp ≃ S

(3)
pp .

3. Mean flow and turbulence inputs
All the formulations introduced in Sec. 2 require the
streamwise mean velocity profile Ū1(x2), an expression
for the convection velocity Uc, and a model for the
spectral tensor component ϕ22. The mean velocity
profile Ū1(x2) is computed using a one-dimensional
approach based on a mixing-length model, by inte-
grating an ordinary differential equation along the
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wall-normal direction x2 [10]. The governing equa-
tions are not repeated here; however, the model has
been extended to account for the effects of a mean
pressure gradient. Further details are provided in a
companion paper [11].
The convection velocity Uc is assumed to be equal to
the mean streamwise velocity.
A local analytical description of turbulence is required
to evaluate the spectral tensor component ϕ22. In this
work, the von Kármán model [12] is adopted for the
turbulent kinetic energy E(k),

E(k) = α u′2Le
(kLe)4

[1 + (kLe)2]17/6 , (15)

where u′2 denotes the variance of the velocity fluctua-
tions and Le is the integral length scale. The constant
α is determined by requiring that integration of E(k)
over k ∈ R+ recovers the turbulent kinetic energy
(3/2)u′2, yielding

α = 55
9
√

π

Γ
( 5

6
)

Γ
( 1

3
) .

The length scale Le is linked by definition to the
longitudinal integral length scale L1 by

L1 =
√

π Γ(5/6)/Γ(1/3) Le (16)

At each wall-normal position x2 within the boundary
layer, the turbulence is assumed to be locally homo-
geneous and isotropic. From Eq. (15), the spectral
tensor component ϕ22 is expressed in Fourier space as

ϕ22(k) = αu′2L3
e

4π

(k⊥Le)2

[1 + (kLe)2]17/6 . (17)

It is worth recalling that the spectral tensor is defined
as the Fourier transform of the correlation function
R22(ξ) [13]. Turbulence is only formally homoge-
neous in plane (x1 − x3). The two-dimensional cross-
spectrum ϕ22(k⊥, x2, ξ2) is thus introduced where x2
is the running point along the normal direction to the
wall and ξ2 the separation, as already introduced in
Section 2. For the von Kármán model (15), one has

ϕ22(k⊥, x2, ξ2) = u′2L4
ek2

⊥
Γ(1/3) π 24/3

×
ξ7/3 K7/3(ξ)

[1 + (k⊥Le)2]7/3 , (18)

where ξ = (|ξ2|/Le)[1 + (k⊥Le)2]1/2 is an auxiliary
variable, Γ is the gamma function and K denotes the
modified Bessel function of the second kind. Expres-
sion (17) is retrieved by taking the Fourier transform
of (18) for homogeneous turbulence along the x2 di-
rection [14].
In Eq. (18), the quantities u′2 and Le are local quan-
tities that vary with x2. Their variation is, however,
assumed to be negligible over the correlation length

associated with the separation ξ2 at a given x2 loca-
tion, so that the assumptions of local homogeneity
and isotropy underlying the turbulence model remain
valid.
The variance of velocity fluctuations is taken to be
equal to the wall-normal velocity variance, u′2 =
u′2

2 (x2). Based on experimental data in the logarith-
mic region [15], the relation u′2

2 ≃ 1.3 u′
1u′

2 is assumed.
Introducing the mixing length lm(x2) yields [10]

u′2
2 ≃ 1.3 (lm dŪ1/dx2)2. (19)

The velocity fluctuations along the x2 direction are
thus obtained as a byproduct of the determination
of the mean velocity profile Ū1. Note that there is a
misprint in Prigent and Bailly [10], where the square
is missing in their Eq. (13). The mixing length lm is
directly provided by the model used to compute the
mean velocity profile and is also used to determine
the evolution of Le, and thus of L1, through Eq. (16).
Following [10], Le(x2) is calculated as

Le(x2) = lm(x2)
(
√

π/2)Γ(5/6)/Γ(1/3)
≃ lm(x2)

0.37 , (20)

in fair agreement with the estimate lm ≃ 0.31L1 pro-
posed, for instance, by Lysak [6].
In the present model, the mixing length lm and the
mean streamwise velocity profile Ū1 are fully deter-
mined by the Reynolds number Re+ = uτ δ/ν, where
uτ is the friction velocity, δ is the boundary layer
thickness, and ν is the fluid’s kinematic viscosity.
Consequently, the convection velocity Uc, the wall-
normal velocity variance u′2

2 , the integral length scale
Le, and ultimately the spectral tensor component ϕ22
also depend only on Re+. Thus, Re+ is the only pa-
rameter required to characterize the input quantities
entering the wall-pressure spectrum formulations. It
represents the ratio of the boundary-layer thickness
δ to the viscous length scale lν = ν/uτ . Quantities
normalized using uτ and lν as velocity and length
scales, respectively, are conventionally denoted by the
superscript +; in particular, δ+ = Re+, also known
as the Kármán number.

4. Results
The mean velocity profile Ū1, the rms value of the
transverse velocity fluctuations u′

2 and the length scale
Le are plotted in Fig. 1 for Re+ = 2369, corresponding
to the highest Reynolds number zero-pressure gradient
turbulent boundary layer considered in the experimen-
tal study of Gravante et al. [16]. The mean velocity is
in agreement with other experimental investigations,
while the variance is a direct consequence of Eq. (19).
The evolution of L+

e is related to the mixing length
l+
m used to compute the mean velocity profile. As ex-

pected, the turbulent fluctuations vanish at the edge
of the boundary layer, that is at x+

2 = δ+ = Re+.
The predicted normalized wall-pressure spectra,
S+

pp(ω+) = Spp(ω)/(νρ2u2
τ ), with ω+ = ων/u2

τ , are
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Figure 1: Transverse profiles of the input quantities used
in analytical models for Re+ = 2369: (a) mean velocity
Ū+

1 , (b) length scale L+
e and (c) rms of the transverse

fluctuating velocity u′+
2 .

compared with the measurements of Gravante et
al. [16] in Fig. 2. The spectra obtained with For-
mulations 2 and 3 are represented by the red dashed
and blue solid lines, respectively. The two predic-
tions exhibit a similar overall shape, with the spectral
peak occurring at approximately the same frequency,
ω+ ≃ 0.03. Differences are observed, however, in the
amplitude near the peak and in the high-frequency
decay. These differences are also reflected in the root-
mean-square value of the wall fluctuating pressure.
The measurements yield p′+ ≃ 2.9, compared with
p′+ ≃ 2.1 and p′+ ≃ 2.5 for Formulations 2 and 3,
respectively.
The formulations 1-3 involve an integration across
the boundary layer, making it possible to identify the
contribution of each wall-normal region to the wall-
pressure spectrum as a function of frequency. As an
illustration, a map obtained using Formulation 3 is
shown in Fig. 3 as a function of (ω+, x+

2 ). The hori-

10
-2

10
-1

10
0

ω+

-20

-10

0

10

20

S
+ p
p

Figure 2: Predicted wall-pressure spectrum for Re+ =
2369: • measurements [16]; Formulation 2 (10);

Formulation 3 (11).

zontal dashed lines delineate the different regions of
the turbulent boundary layer, as indicated on the left
of the panel. At each frequency, the black symbols ×
indicate the wall-normal location at which the contri-
bution to the wall-pressure spectrum reaches its max-
imum. A clear frequency dependence of this location
is observed. As the frequency increases, the maxi-
mum contribution progressively shifts toward the wall,
whereas the low-frequency contributions originate pre-
dominantly from the outer regions of the boundary
layer. The source intensity is closely correlated with
the u′2

2 profile, and the dominant contribution origi-
nates from the logarithmic region, which expands with
increasing Reynolds number.

5. Conclusion
In this study, three formulations for predicting the
wall-pressure spectrum in turbulent boundary layers
have been reviewed, and the relationships between
them have been established under a common set of as-
sumptions. This work is currently being extended by
incorporating the effects of a mean pressure gradient
and the contribution of the nonlinear (slow) source
term. It has also been shown that a more detailed char-
acterization of the contribution of each wall-normal
layer to the wall-pressure spectrum is possible, pro-
viding a basis for refining the model to account for
the missing contributions from the near-wall and wake
regions.
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