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Abstract
In outdoor acoustics, sound propagation is impacted
by meteorological conditions, including atmospheric
turbulence, which can cause significant fluctuations
in sound pressure. To numerically model the prop-
agation of sound in an inhomogeneous atmosphere,
the quasi-wavelet approach is a useful representation
of the random turbulent field created by tempera-
ture and velocity-induced turbulence. In this paper,
the quasi-wavelet approach is implemented in a GPU-
accelerated solver of the 3D acoustic wave equation,
using the Finite-Difference Time-Domain method; this
solver includes a moving window feature to enable
computationally efficient long-range simulations. We
predict the sound propagation from a point source
to a distant receiver, both located near a flat terrain
and surrounded by an adequate PML formulation.
The temperature and the velocity-induced turbulence
are first introduced separately and then their effect
is combined. For a set of representative cases of me-
teorological conditions, the coherence loss in ground
effect is calculated between the non-turbulent and
the turbulent case to assess the scale of each type of
turbulence.
Keywords: Outdoor sound propagation, Finite Difference
Time Domain, meteorological effects, quasi-wavelet

1. Introduction
The outdoor sound propagation of an acoustic wave in
air can be modeled numerically using the Finite Differ-
ence Time Domain (FDTD) method [1]. Meteorologi-
cal phenomena such as wind, temperature and density
variations, cause atmospheric turbulence and affect
the sound propagation in outdoor settings. Therefore,
to generate valid numerical results, the atmosphere
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must be accurately characterized by including the rel-
evant meteorological effects in the numerical model.
The FDTD method is a numerical method capable
of handling complex propagation phenomena [2], [3],
including atmospheric turbulence [4].
To model atmospheric turbulence, the quasi-wavelet
approach is a practical way of introducing controlled
scattering of the acoustic wave in the computational
domain of the FDTD method. A quasi-wavelet (QW)
is a self-similar localized function, analogous to classic
wavelets [5] but their orientation and position are ran-
dom. A collection of QWs behave like eddies so they
can be designed to model the acoustic scattering due
to turbulence [6]. First, the QW model was shown to
have a similar behavior as the von Kármán spectrum
for velocity-induced turbulence [7]. Then, it was also
shown to accurately represent simple turbulence situa-
tion for temperature-induced turbulence [8] and later
extended to induce more complex random fields [9].
In this paper, the QW approach is used to numerically
model four representative turbulent atmospheres. In
a large 3D computational domain, the sound wave
propagates in the atmosphere over a distance of 100 m.
The speed of sound of each grid point is evaluated by
the QW approach to account for the variations from
temperature or velocity-induced turbulence, via the
effective speed of sound. Since the sound propagation
is near the ground, the elevation angle of the propa-
gation from the sound to the receiver is small. The
effective sound speed approximation is therefore valid
[10]. Our findings provide new insights in the numeri-
cal modeling of atmospheric turbulence by comparing
the numerical results to the theoretical coherence loss
in the corresponding turbulent atmosphere.

2. Method
2.1. Acoustics wave equation
The governing equations of the acoustic wave propa-
gation in a homogeneous atmosphere are as follows:
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∂p

∂t
= −ρc2∇ · v

∂v
∂t

= −1
ρ

∇p
(1)

where p is the sound pressure in Pa, v is the 3D particle
velocity in m.s−1, ρ is the air density in kg.m−3 and c
is the speed of sound in m.s−1. We implemented the
FDTD method to solve those equations.
2.2. Spatial domain
The computational domain measures 10 m ×10 m ×10
m and discretized into a uniform Cartesian staggered
grid of 25 mm resolution (i.e. 400 grid points in each
direction). To lower the computational burden, a
moving window feature was implemented that shifts
the computational domain along the positive x-axis as
the wavefront propagates. This dynamically moving
window was described in [11].
The source S(xs, ys, zs) is placed at the center of the
cubic computational domain at initial time. A receiver
R(xr, yr, zr) is placed 100 m away from the source
along the x-axis with ys = yr and zs = zr, so the
propagation is horizontal. The ground is assumed
to be perfectly reflective and a perfectly matched
layer (PML) is placed in the other five directions. For
computational efficiency, the PML in the positive x-
axis is removed since the wavefront never reaches this
boundary of the moving window. Figure 1 summarizes
the spatial 3D setup.

Figure 1: 2D illustration of the spatial 3D setup at initial
time.

2.3. Temporal domain
The source S is defined as a soft Gaussian impulse
point that evolves over time t as follows:

p(xs, ys, zs, t) = exp
(

−1
2f2

0 (t − t0)2
)

(2)

with p the acoustic pressure in Pa, f0 the characteristic
frequency set to 2 kHz and t0 the offset time set to
10
f0

= 5 µs.
For this propagation geometry, it takes the direct
wavefront 0.31 s to reach and surpass the receiver R,
100 m away from the source. As a consequence, 8 217

iterations are needed for a time step dt = 37.8 µs, re-
specting the Courant–Friedrichs–Lewy condition [12].
2.4. Meteorological conditions
Four meteorological conditions are simulated and de-
scribed in Table 1 by three atmospheric parameters:
u∗ is the friction velocity in m/s, QH is the surface
sensible heat flux in W/m2 and the boundary layer
height zi in m.

Condition u∗ QH zi

(a) 0.1 50 1000
(b) 0.1 200 2000
(c) 0.5 50 1000
(d) 0.5 200 2000

Table 1: Atmospheric parameters of the four meteorolog-
ical conditions simulated.

For all four meteorological conditions, the air temper-
ature T0 and the air density are constant in time and
space, equal to 20◦C and 1.2 kg/m3 respectively.

3. Turbulence
The scattering of the acoustic wave by turbulence is
numerically modeled with the help of the isotropic
QW approach with no mean wind, described in [10]
and based on [8], [9]. The notations from [10] are used
in this work.
The QW are arranged by class size: the largest class
size (n = 1) is defined according to the meteorological
conditions of Table 1 and the next class is half the
size of the previous one. For computational efficiency,
the smallest class size (n = N) is limited to 0.343 m
which caps the frequency analysis to 1 kHz. The total
3D field QW for the grid position (x, y, z) is the sum
of the individual QW contributions QW mn of each
instance m = 1, ..., Nn of every class size n = 1, ..., N :

QW (x, y, z) =
N∑

n=1

Nn∑
m=1

QW mn (3)

This QW field is incorporated into a non-turbulent
FDTD solver of outdoor sound propagation called
sonora which is described in more detail in [11], [13].
We make the following assumptions when building the
QW fields:

• the local variation of temperature and flow ve-
locity are slower than the sound speed, so the
turbulence is assumed to be frozen,

• the parent function of the QW is Gaussian:
f(x) = exp(−πx2/2),

• no fractional generations are introduced so the
densification factor K is 1,

• the packing function of all class sizes is set to
10%,

3.1. Temperature-induced turbulence
For temperature induced turbulence, QW is a 3D
scalar field and sums the temperature variation ∆T mn
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over n and m, defined at the grid position r(x, y, z)
as:

∆T mn(x, y, z) = hmnqn exp
(

−π

2
|r − bmn|2

a2
n

)
(4)

with hmn a random sign factor equal to +1 or −1 with
equal probability, bmn the random position inside the
inner computational domain of the mth instance of
class size n, qn the amplitude factor and an the length
scale of size class n. The parameters qn and an are
calculated following the method explained in Chapter
11.2 of [10] so the calculations are not detailed here.
The temperature variations of temperature-induced
turbulence are integrated via an effective speed of
sound at the grid point r(x, y, z):

ceff(x, y, z) =

√√√√γR

M

(
T0 +

N∑
n=1

Nn∑
m=1

∆T mn

)
(5)

with γ = 7/5 the adiabatic index, R =
8.3145 J.mol−1.K−1 the molar gas constant and M =
0.02896 kg/mol the molar mass for dry air.
Figure 2 shows an example of the spatial field of the
effective speed of sound using Eq. (5).

Figure 2: Effective speed of sound in the full computa-
tional inner domain for one simulation in the meteorologi-
cal condition (d).

3.2. Velocity-induced turbulence
Similarly to the temperature-induced turbulence, the
velocity-induced turbulence is modeled as the sum
of the contribution of each QW; unlike the scalar
QW field due to temperature-induced turbulence, the
velocity-induced turbulence is a 3D vector field.
Following the sub-chapter 11.2.4 in [10], an individ-
ual velocity variation vector ∆vmn at the grid point
r(x, y, z) is defined as:

∆vmn(x, y, z) = anπ exp
(

−π

2 χ2
)

(Ωmn × χ) (6)

with χ = |r−bmn|
an

the magnitude vector and Ωmn the
angular velocity vector. The magnitude of the Ωmn

vector is again calculated following [10]. The orienta-
tion of Ωmn and the position bmn are randomized.
Since we are interested in the wavefront moving in the
positive x-direction, the cross-directional components
of ∆vmn (i.e. along the y- and z-axis) are neglected,

and only the velocity variations of velocity-induced
turbulence in the x-axis component are included in
the effective speed of sound at the grid point (x, y, z):

ceff(x, y, z) =
√

γRT0

M
+

N∑
n=1

Nn∑
m=1

∆vmn (7)

3.3. Metric

The accuracy of the QW model for representing atmo-
spheric turbulence is evaluated using the coherence
loss between the direct and ground-reflected waves
due to turbulence at the receiver point R compared
to a non-turbulent medium. For the non-turbulent
atmosphere, the wave equation Equation (1) is solved
for a constant speed of sound c. We get the acoustic
pressure at the receiver pnon for the setup described in
Section 2.2 and pff in the free field case, i.e. replacing
the ground with a PML. The ground effect is the ratio
in absolute value of the fast Fourier transform (noted
as: ˜) of pnon over pff:

GEnon = 10 log10
|p̃non|2

|p̃ff|2
[dB] (8)

For the four types of meteorological conditions, the
field of effective speed of sound ceff is calculated for
every grid point in the inner computational domain.
For the corresponding turbulent atmosphere, the wave
equation Equation (1) is solved by replacing c with
the ceff to get the acoustic pressure at the receiver
pturb. The ground effect in a turbulent atmosphere is:

GEturb = 10 log10
|p̃turb|2

|p̃ff|2
[dB] (9)

3.4. Theory

The numerical results are compared to the theoretical
results provided by Ostashev in [10]. The mean square
sound pressure for a perfectly reflective ground is:

⟨pp∗⟩ = 1
R2

1
+ 1

R2
2

+ 2Ccoh

R1R2
cos (k(R1 − R2)) (10)

with R1 =
√

(xs − xr)2 + (zs − zr)2 the path length
of the direct wave, R2 =

√
(xs − xr)2 + (zs + zr)2

the path length of the ground-reflected wave, Ccoh the
coherence factor, and k = 2πf/c0 the wave number.
For a non-turbulent atmosphere, Ccoh = 1.

The coherence factor for temperature-induced turbu-
lence CT

coh and velocity-induced turbulence Cv
coh for

the von Kármán spectra is given in [14] by:

CT
coh = exp

(
−2γT xsrLT

h∫ h
LT

0
1 − 21/6η5/6

Γ(5/6) K5/6(η)dη

)
(11)
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Cv
coh = exp

(
−2γvxsrLv

h∫ h
LT

0
1 − 21/6η5/6

Γ(5/6)

(
K5/6(η) − η

2K1/6(η)
)

dη

)
(12)

with γT and γv the respective extinction coefficients
for the von Kármán turbulence spectrum, xsr = 100
m the distance between the source and the receiver,
LT and Lv the respective length scales of fluctuations,
and h the maximum separation between direct and
reflected path. The distance h = 5 m since the source
and the receiver are both 5 m above the ground. Kn(η)
is the modified Bessel function of order n.
The theoretical ground effect is calculated as:

GEcoh = 10 log10⟨pp∗⟩ − 10 log10
1

R2
1

(13)

with TLfree the transmission loss at the receiver of a
source radiating into a free space in a straight line,
representing the direct path.

4. Results
The simulation results are generated by taking advan-
tage of the parallel nature of the FDTD calculations
and the computer hardware (NVIDIA RTX PRO 4500
Blackwell).
4.1. Non-turbulent atmosphere
The theoretical ground effect from Eq. (13) is com-
pared to the numerical ground effect from Eq. (8) in
a non-turbulent atmosphere, as shown in Figure 3.

Figure 3: Spectral ground effect for a non-turbulent
atmosphere.

In Figure 3, the numerical results GEnon closely match
the theoretical ground effect GEcoh up to the upper
limit of the selected frequency range.
4.2. Turbulent atmosphere
4.2.1. Temperature-induced turbulence
We ran 50 simulations for the four meteorological con-
ditions of Table 1 with different randomized positions
bmn and signs hmn that define the temperature vari-
ations of each QW in Eq. (4). Figure 4 shows the
ground effect for 50 simulations, zoomed in a frequency
window of 200 to 600 Hz.

Figure 4: Spectral ground effect of 50 simulations ran
with different turbulence realizations, for a temperature-
induced turbulent atmosphere with meteorological condi-
tion (d).

The different configurations of QWs accelerates or de-
celerates the wavefront along the propagation paths.
As a result, the interference of the direct and ground-
reflected waves at receiver R is impacted. For example
in the meteorological condition (d) as shown in Fig-
ure 4: at the first interference trough, the magnitude
of the ground effect varies between −47.7 dB to −20.1
dB and the frequency varies over a 42 Hz range.
Table 2 shows the average total number of QW and the
corresponding simulation time over the 50 simulation
for the four turbulent cases for temperature-induced
turbulence.

Condition Number of QW Simulation
time (s)

(a) 34 244 256
(b) 35 408 258
(c) 116 204 377
(d) 154 977 435

Table 2: Average number of QW and corresponding
simulation time for temperature-induced turbulence.

The energetic average over |p̃turb| is then calculated to
get the average ground effect GEturb which is shown
as a function of frequency in Figure 5 for the four
meteorological conditions.
The four average ground effect GEturb closely match
their corresponding theoretical ground effect GEcoh
linked to coherence loss using the factor Eq. (11). De-
spite the variability of the effect of QWs on the sound
propagation (as shown in Figure 4), the turbulent
field is designed so that over a sufficient number of
simulations, the impact of atmospheric turbulence
on the ground effect averages towards the expected
theoretical ground effect.
4.2.2. Velocity-induced turbulence
Similarly, the QW field for velocity-induced turbulence
produced by buoyancy is generated with random po-
sition bmn and orientation for the vector Ωmn.
In the case of buoyancy-produced turbulence, con-
dition (a) and (b) are equivalent to (c) and (d), re-
spectively, because this type of turbulence do not
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Figure 5: Averaged spectral ground effect for a
temperature-induced turbulent atmosphere.

depend on u∗. We ran 50 simulations for conditions
(a) and (b), and their average ground effect GEturb
is shown with the corresponding theoretical ground
effect GEcoh in Figure 6. The average number is of
QW is 93 600 and the average simulation time is 420s.

Figure 6: Averaged spectral ground effect for a buoyancy-
produced turbulent atmosphere.

For a buoyancy-produced turbulence, the average
ground effect GEturb still matches their corresponding
theoretical ground effect GEcoh linked to coherence
loss using the factor Eq. (12).
In that case of shear-produced turbulence, condition
(a) and (c) are equivalent to (b) and (d), respectively,
because this type of turbulence do not depend on QH

and zi. We ran 50 simulations for conditions (a) and
(c), and the results are shown in Figure 7. The average
number is of QW is 47 675 and the average simulation
time is 315 s.
For a velocity-induced turbulence produced by wind
shear, the average ground effect shows a loss of co-
herence but not to the same extent than expected
with the corresponding theoretical ground effect. At
the first interference trough, GEturb is around 7 dB
lower than GEcoh. This gap may be explain by the
anisotropy of the shear-layer model which was not

Figure 7: Averaged spectral ground effect for a shear-
produced turbulent atmosphere.

taken into account for the isotropic QW model of
turbulence in this work.
4.2.3. Combined effect
Finally, the combined effect of the three types of
turbulence is evaluated. We ran 50 simulations for
the four meteorological conditions of Table 1 and the
results are shown in Figure 8.

Figure 8: Averaged spectral ground effect for a combined
turbulent atmosphere.

For the combined effect of the three types of turbu-
lence, the theoretical ground effect GEcoh linked to
coherence loss is calculated using the combined factor
between Eq. (11) and Eq. (12). For the meteorological
conditions (a) and (b), the friction velocity u∗ is low
(equal to 0.1 m/s) so the shear-produced turbulence is
minor compared to the other types of turbulence. The
simulation results of conditions (a) and (b) closely
match the corresponding theoretical results, which
is consistent with the conclusions from the isolated
cases of temperature-induced and buoyancy-produced
turbulence (see Fig. 5 and Fig. 6). For the meteo-
rological conditions (c) and (d), u∗ is high (equal to
0.5 m/s) so the effect of shear-produced turbulence
is more pronounced than in the conditions (a) and
(b). The GEturb of conditions (c) and (d) both show
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a significant loss of coherence but not to the same ex-
tent than expected with the corresponding theoretical
ground effect, which is consistent with the conclusion
from the isolated case of shear-produced turbulence
(see Fig. 7).

5. Conclusion
The isotropic quasi-wavelet approach is a practical
way of including turbulence in the numerical modeling
of outdoor sound propagation. This work extends the
existing literature by partially validating the use of the
FDTD method to model atmospheric turbulence with
the quasi-wavelet approach. The atmospheric turbu-
lence is modeled as a scalar quasi-wavelet field that
introduces temperature and/or velocity variations at
every grid point of the computational domain, affect-
ing an effective speed of sound. For a long-range hori-
zontal propagation near a perfectly reflective ground,
the numerical results closely match the theoretical re-
sults in term of coherence loss between the direct and
ground-reflected waves, except for velocity-induced
turbulence produced by wind shear.
For a spatial computational domain of 11 000 m3,
the computation of each simulation lasts a reasonable
amount of time, from 4 up to 7 min. The computa-
tional efficiency of sonora rely on the parallelization
of the calculations when solving the 3D wave equation
in the FDTD method, on the hardware used of the
computation and on the moving window feature of
the tool.
The results of this work suggests that the isotropic
quasi-wavelet approach is a suitable strategy for the
numerical modeling of some types of atmospheric tur-
bulence with the FDTD method in outdoor sound
propagation simulations. This approach will be ap-
plied in simulations of more complex situations, with
for example non-flat terrains, obstacles, and more elab-
orate boundary conditions than perfectly reflective.
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