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Abstract

A radial filter design approach for rigid spherical mi-
crophone arrays is proposed, in which nonlinear-phase
regularisation is applied selectively. Anticausal poles
close to the imaginary axis are reflected into the left
half-plane using all-pass filters, reducing slowly de-
caying noncausal components while preserving the
magnitude response. This framework enables flexible
control of the trade-off between phase distortion and
modelling delay. The resulting temporal structure
and group delay are investigated, demonstrating the
potential of the proposed approach as an alternative
to conventional zero-phase-regularised radial filters.

Keywords: rigid spherical microphone array, radial filter,
Tikhonov regularisation, nonlinear-phase regularisation

1. Introduction

Spatial sound capture using rigid spherical microphone
arrays typically involves radial filtering in the spheri-
cal harmonic domain (i) to compensate for scattering
effects caused by the rigid sphere and (ii) to map the
sound field on the sphere to the plane wave density
function [1]-[3]. Due to the ill-conditioned nature of
this inverse filtering problem, regularisation is indis-
pensable for stabilising the filters, particularly at low
frequencies and high spherical harmonic orders [4]-[9].
Zero-phase regularisation is commonly used to avoid
phase distortions, but this results in noncausal pre-
ringing of the filters. A modelling delay is therefore
required for online processing [8], [10]. Nonlinear-
phase regularisation with strictly causal filter design
has also been investigated, where phase alignment is
achieved using all-pass filters [5], [7]. However, the
resulting overall phase distortion remains a challenge.
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In this contribution, we propose a nonlinear-phase
regularisation which is applied selectively to the poles
of the zero-phase-regularised radial filters. Compared
with the conventional nonlinear-phase design, where
every anticausal pole is replaced, this selective ap-
proach reduces phase distortion while still substan-
tially lowering the noncausal energy. The number of
poles regularised in this way can be chosen to trade off
phase distortion against modelling delay, as required
by the application.

2. Radial Filter Design

Let us assume that a sound field of interest is modelled
as a superposition of plane waves. The sound field
captured on the sphere with radius » = R can be
expanded in terms of spherical harmonics up to a
finite order [11],

N n
P(R, 9, 0} w) = Z Z pnm(w)ynm(ev ¢)7 (1)

n=0m=—n

where Y,,,,(0, ¢) denotes the spherical harmonics of
order n and degree m evaluated at colatitude 6 € [0, 7]
and azimuth ¢ € [0,27), and P, (w) the correspond-
ing coefficients. Similarly, the plane wave density
function is expanded as

N n
B, p,w) =Y > Bum(@)Yam(?,0),  (2)

n=0m=—n

with 9 and ¢ respectively denoting the colatitude and
azimuth of the directions of arrival. The coefficients
B, (w) are called the Ambisonic signals.

The relationship between the coefficients of the cap-
tured sound field and the Ambisonic signals can be
written as [3, Ch. 6]

o 4qin—t o

an (w) = WBMTL(W)’ (3)
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Figure 1: Magnitude responses of (a) the transfer functions on the rigid sphere (R = 0.042m), (b) the Tikhonov-
regularised radial filters for Gmax = 30dB, (c) the corresponding regularisation high-pass filters, and (d) the filter bank
for spectral compensation. The black dotted line in (d) indicates the sum of the low/band/high-pass filters, where the

maximum deviation is 0.2 dB.

where h!, () denotes the derivative of the spherical
Hankel function of the second kind. The modal trans-
fer function is given by

v

an(w)

4in—1

(2R, (2R)’

c

(4)

9]

Bum (w)

In the Laplace domain, the right-hand side can be
formulated as [12], [13]

C on
RS
n+1

C
47 B%S—,
[L= (5= pui)

(5)

which exhibits n repeated zeros at s = 0 and n + 1
poles p,,; € C. Since the scaling factor and the delay
are frequency-independent, only the rational part,

n

H,(s :ﬁ%{g, 6
() 7:1( _pn,l) ()

will be considered in the following derivation. The
factor & is kept here so that the Oth-order response
Hy(s) has unit magnitude at DC (s = 0). The mag-
nitude responses of the modal transfer functions are
depicted in Fig. 1(a).

The goal of radial filter design is to find a stable in-
verse filter of H,,(s). From (5), it is evident that a
direct inverse of H,(s) leads to an unstable filter for
orders n > 1 as it requires repeated poles at s = 0. It
is a common practice to introduce a regularisation to
avoid any excessive amplification of spectral compo-
nents with low signal energy. Different regularisation
approaches have been introduced for the radial filter
design to limit the magnitude boost below a prescribed
threshold [4], [6], [8], [14].

In this paper, we consider the Tikhonov regularisation,
where the regularised inverse is [15]

_ () 1

Ts _ _
) = T mE A~ Hae)

Dn(s),  (7)

with (-)* denoting the complex conjugate and A € R
the regularisation parameter. The maximum boost of

the regularised inverse can be explicitly controlled
by A via the relation gmax = 1/(2V/A). The sec-
ond equality in (7) shows that H(s) can be writ-
ten as a product of the direct inverse 1/H,(s) (with-
out regularisation) and a regularisation filter D,,(s).
Fig. 1(b) and Fig. 1(c) show the magnitude responses
of the radial filters and the corresponding regular-
isation filters for a prescribed maximum gain of
Gmax = 2010g19(|gmax|) = 30dB. It can be seen
that the regularisation filters D, (s) exhibit high-pass
filtered characteristics with order-dependent cut-on
frequencies and slopes. The poles of the Tikhonov
regularisation filters D,,(s), which we denote here by

(8)

together with their zeros are shown in Fig. 2(a). For
each order n, a symmetric pair of real poles with large
absolute real parts fall outside the zoomed-in axis
limits near s = 0 and are therefore not shown. Their
distribution is symmetric with respect to the imagi-
nary axis in the Laplace domain, which aligns with
the fact that D,,(s) exhibits a zero-phase response [16].
The poles on the left half-plane and right half-plane
correspond to the causal and anticausal components
of the impulse responses [10].

Gni, U=1,...,2n+2,

Due to the order-dependency of the regularisation
filters, low-frequency components are gradually atten-
uated as the order increases. Advanced radial filter
design approaches commonly compensate for this spec-
tral imbalance by using a filter bank where each band
is encoded with different Ambisonic orders [5], [7],
[8], [17]. The filter bank can be constructed by com-
bining the above-mentioned regularisation high-pass

filters D, (s) and their complementary low-pass filters
D, (s) =1—D,(s),

D1<S>, b=0
Fb(s) = Db(s) Db+1(s), b=1,...,N—1 (9)
Db(S), b= N.

The frequency responses of an exemplary filter bank
are shown in Fig. 1(d). Ideally, the sum of the filters
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Figure 2: Design of the APF for nonlinear-phase regularisation. (a) The anticausal poles gy, are selected from the
regularisation filters Dy(s). The filled squares indicate the selected poles for the APF design (cf. Sec. 4). (b) The APF
is built by cascading reflected poles and their cancelling zeros (s — ¢;)/(s + ¢;). (c) Group delay of APFs for varying
maximum gains Gmax = 10,20,30dB and APF orders J =1,3,5,7.

Fy(s) (indicated by black dotted line in Fig. 1(d))
must closely match the regularisation filter,

N
Dn(s) = Y Fy(s). (10)
b=n

An additional normalisation may be required if the
interference between the filters is not negligible [8,
Sec. 4]. Finally, the filter bank responses Fy(s) are
linearly combined and applied to the direct inverse,
yielding the spectrum-compensated radial filters [8],

1 N

(o) bz: Wb F (),

=N

Hj(s) =

(11)

where the weights w,, ;, depend on the choice of modal
weighting (e.g., max-rg or basic) and equalisation
scheme (e.g., omnidirectional, free-field, diffuse-field).
More detailed treatment and refinement of the radial
filters can be found in [17].

3. Nonlinear-Phase Regularisation

We propose to modify the target frequency response
D, (s), or equivalently the filter bank Fj(s), in such
a way that the noncausal components of the output
are reduced while keeping the magnitude response
unchanged. This constitutes a nonlinear-phase regu-
larisation [18]. Given that the noncausal components
are governed by the right-half-plane poles of D,,(s), an
effective way to reduce them is to reflect those poles
into the left half-plane using an all-pass filter (APF),

J
As) =]
j=1

<

V)

— g
+qvj,

(12)

VA

yielding phase-modified regularisation filters,

D, (s) = Dp(s)A(s). (13)
The phase-modified filter bank is obtained by applying
the APF directly to Fy(s), i.e., Fp(s) = Fp(s)A(s).
The real poles or complex conjugate pole pairs ¢; are
selected from the anticausal poles of D, (s),

4 € {qni: R(gny) >0mn=0,...,N;l=1,...,2n+ 2}.
(14)

The same APF must be applied across all orders to
avoid undesired interference when the Ambisonics
signals are linearly combined in the decoding stage.
The pole-zero cancellation between A(s) and D, (s)
has to be performed explicitly to avoid numerical
artefacts in floating-point arithmetic.

A similar approach was introduced in [5], [7] where all
anticausal poles were replaced by causal poles, leading
to radial filters with strictly causal impulse responses.
Our proposed regularisation design, on the other hand,
selectively moves the poles according to their decay
rate. This enables a flexible design where the overall
phase distortion can be controlled based on both the
perceptual impact of the phase dispersion and the
acceptable modelling delay.

4. Evaluation

To investigate the effect of the nonlinear-phase reg-
ularisation, APFs with various orders are imple-
mented. A rigid-sphere microphone array with radius
of R = 0.042m is considered. The Ambisonic order
is set to N = 4. Among 15 anticausal poles of D, (s)
forn =0,...,4, we choose seven (one real and three
complex conjugate pairs) with the smallest real parts.
The selected poles are indicated by filled squares in
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Fig. 2(a). The APF order was varied from one to
seven, by consecutively adding poles with increasing
real parts, yielding four nonlinear-phase regularisa-
tions (J = 1,3,5,7). The corresponding pole-zero
distributions are shown in Fig. 2(b). We mainly inves-
tigate the properties of the filter bank Fy(s), which is
constructed according to (9).

For numerical evaluation, the resulting filter bank
is excited by the zero-phase impulse response of an
8th-order Butterworth low-pass filter with a cut-off fre-
quency of 20kHz. A quasi-continuous time simulation
was performed at a sampling frequency of 192 kHz.
The effectiveness of noncausality reduction was quan-
tified in terms of the anticausal energy ratio (AER),
defined as

JO o In(t)[dt

AER - Y TR
S Ih(t)|?dt

(15)

which represents the energy ratio of the noncausal com-
ponents relative to the overall impulse response. The
AER was evaluated by approximating the integrations
with summations between t = —1s and t = +1s, for
which the impulse responses are sufficiently decayed
on both sides of the time axis.

The group delay introduced by the APFs is reported
in Fig. 2(c¢) for maximum amplifications of Gpax =
10dB, 20dB, and 30dB. The regularisation with the
highest Gpax (smallest regularisation parameter \)
results in the largest variation of the group delay
across frequencies ranging up to around 9ms at low
frequencies. Stronger regularisations (lower Gpax)
reduce the maximum group delay as well as the overall
dispersion. The first APF pole with the smallest real
part has the most significant effect on the group delay,
whereas the other APF poles contribute to a lesser
extent.

Fig. 3 shows the log-amplitude of the filter bank
(Fy(s)) impulse responses. The impulse responses are
derived by using the partial fraction expansion of the
Laplace transform and then performing the bilateral
inverse Laplace transform [19, Sec. 5.5]. The AER of
the impulse response is indicated at the top left corner
of each plot. The case of zero-phase regularisation is
shown in Fig. 3(a) where the impulse responses exhibit
symmetric log-amplitude with respect to ¢ = 0 and
thus have AERs of 50 % regardless of the ambisonic or-
der. The temporal structure of the impulse responses
clearly changes for nonlinear-phase regularisations as
shown in Fig. 3(b), 3(c), 3(d), and 3(e). Overall, the
noncausal components decay much faster towards the
negative time axis, suggesting that the resulting ra-
dial filters can be well approximated by truncating the
impulse responses with less noncausal length. Moving
the first anticausal pole with the smallest real part (cf.
Fig. 2(b)) into the left half-plane considerably reduces
the noncausal components in band b = 0, from 50.0 %
to 0.0%, and to a lesser extent in band b = 1 by
3.9%. Increasing the APF order further reduces the
energy of the noncausal components as confirmed by
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Figure 3: Log-amplitude of the filter bank impulse re-
sponses (Gmax = 30dB). The plotted levels are normalised
against the peak value of the Butterworth low-pass pulse
hret (8th-order, 20kHz cut-off). The AER (cf. (15)) is
indicated at the top left corner in each panel.

the indicated AERs. For the 7th-order all-pass filter
(cf. Fig. 3(e)), the AERs are close to 0.0% except
for band b = 4 for which the anticausal components
are associated with the remaining poles on the right
half-plane, cf. Fig. 2(a).

5. Conclusion

The proposed approach for nonlinear-phase regularisa-
tion was shown to reduce the noncausal components
of the radial filters effectively. This advantage is ex-
pected to allow a radial filter design with smaller
modelling delay. The flexible selection of APF order
also enables control of the overall phase distortion to
some extent. Preliminary evaluations also revealed
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how the nonlinear-phase regularisation and the maxi-
mum boost influence the temporal structure and the
group delay exhibited by the radial filters.

In practice, the radial filter with nonlinear-phase reg-
ularisation can be implemented either by FIR filters
similar to the approach presented in [8] or by combin-
ing FIR and TIR filters which involves forward-and-
backward filtering [10], [20]. Whether the resulting
phase distortion leads to perceivable timbral coloura-
tion remains to be investigated by assessing the au-
ralised sound via loudspeakers or headphones. The
perceptual impact may be highly dependent on the
regularisation parameter, which was shown to have
considerable impact on the group delay. Also of in-
terest is how the nonlinear-phase response interacts
with the spatial aliasing components which exhibit
distinct spectral and temporal structure [21]. Both
topics remain for future work.
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