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Abstract
State-space models can provide an efficient alternative
to convolution-based rendering of head-related transfer
functions (HRTFs), but directly identifying reduced
state-space models from densely sampled datasets can
be computationally infeasible. We present a loss-free
projected Eigensystem Realization Algorithm (ERA)
formulation for multiple-input multiple-output HRTF
datasets, in which sampled directions are inputs and
ears are outputs. The projection basis preserves the
nonzero Hankel singular values exactly and therefore
adds no approximation beyond dynamical order re-
duction. For finite impulse-response approximations,
we prove that both the McMillan degree and the loss-
free projection dimension are bounded by the product
of the response length and number of outputs, inde-
pendently of the number of sampled directions, and
derive a projection-aware ERA error bound. For the
11 950-input, 256-sample FABIAN dataset, the input
projection to 510 virtual inputs reduces the memory
requirements of the economy-SVD ERA-step from
23.2 GiB to approximately 1.0 GiB, enabling computa-
tion of reduced-order state-space models on virtually
any platform. We further show that interaural-time-
delay removal accelerates singular-value decay and
can greatly improve quality of identified models.

Keywords: model order reduction, balanced truncation,
head-related transfer function, auralization, data-driven
modelling

1. INTRODUCTION
Immersive virtual acoustic rendering requires listener-
specific head-related transfer functions (HRTFs) that
remain accurate as source and listener orientations
change [1, 2]. Direction-dependent spectral changes
and interaural time delays (ITDs) support sound
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source localization [2, 3]. HRTF models must there-
fore accommodate real-time source and head motion
with adequate directional resolution [1].

Virtual acoustic rendering commonly selects direction-
ally sampled head-related impulse responses (HRIRs)
in the form of finite impulse response (FIR) filters
and convolves them either in the time or frequency
domain, e.g. using the uniformly partitioned overlap-
save (UPOLS) method [4]. State-space models pro-
vide a less widespread alternative that can reduce
real-time multiple-input multiple-output (MIMO) ren-
dering cost, especially after order reduction [1, 5–7].

Balanced truncation and Eigensystem Realization Al-
gorithm (ERA) have produced reduced order state-
space HRTF models for individual responses and
multi-direction datasets [1, 3, 5, 6, 8, 9]. They use a
truncated singular value decomposition (SVD) of the
Hankel matrix, whose cost grows with the number of
measured directions and can become problematic for
densely sampled HRTF datasets [10, 11]. Tangential
projection, CUR factorization, and randomized SVD
can reduce this cost by trading approximation quality
for efficiency [7, 10–13]. Here, we exploit the special
structure of HRTF datasets to compute a loss-free pro-
jected factorization that exactly preserves the Hankel
singular values at a greatly reduced cost.

This paper identifies reduced-order MIMO state-space
models from densely sampled HRTFs, with measure-
ment directions as inputs and ears as outputs. We call
ERA applied to the full, unprojected Hankel matrix
direct ERA; loss-free projected ERA instead uses an
exact virtual input basis without tangential trunca-
tion, reducing only the model’s dynamical behaviour,
not its spatial fidelity. We prove bounds on the
McMillan degree, loss-free virtual input dimension,
and reduced-model error, and evaluate the method
using the FABIAN database [14]. We also compare
original-delay and ITD-removed HRIRs to assess how
delay handling affects singular-value decay and mod-
elling error.
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2. PROJECTED ERA for HRTFs
In the following, we will consider MIMO discrete-
time state-space systems with m ∈ N inputs and
p ∈ N outputs. Such a system can be described by
a so-called realization given by the matrix quadruple
(A, B, C, D) with A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n,
and D ∈ Rp×m, where n ∈ N is the order of the system.
Its dynamics are governed by the discrete-time state
equations

xk+1 = Axk + Buk,

yk = Cxk + Duk,

for a causal input u ∈ `m
2 , output y ∈ `p

2 and state x ∈
`n

2 , where `d
2 denotes the square-summable sequences

of d-dimensional vectors and k ∈ N0 is the discrete-
time index. Assuming a zero initial state, a stable
realization, and uk = 0 for k < 0, the input-output
behaviour is fully described by yk =

∑
`∈N0

h`uk−`,
where the Markov parameters are

hk =
{

D, k = 0,

CAk−1B, k ≥ 1.
(1)

Equivalently, in the frequency domain, the output
Y(z) ∈ Cp is given by a multiplication of the input
U(z) ∈ Cm with the transfer function

H(z) = C(zIn − A)−1B + D,

where z is the frequency and In ∈ Rn×n is the identity.
For the HRTF dataset considered below, each mea-
sured source direction is an input and the two ears are
outputs. Thus, one realization shares a state matrix
across every direction-ear transfer function, making it
a common-acoustical-pole (CAP) model in the repre-
sentational sense of [15].

2.1. ERA

In discrete time, the impulse response is the sequence
of Markov parameters (1). This relationship allows the
identification of a matching state-space model from an
impulse response sequence (h0, h1, . . . , h2s−1), s ∈ N,
via the Hankel matrix of Markov parameters

H =


CB CAB · · · CAs−1B

CAB CA2B · · · CAsB
...

... . .
. ...

CAs−1B CAsB · · · CA2s−2B

 . (2)

The Hankel matrix can be factored into the observ-
ability and controllability matrices O ∈ Rps×n and
C ∈ Rn×ms:

H =

 C
...

CAs−1


︸ ︷︷ ︸

=:O

[
B · · · As−1B

]︸ ︷︷ ︸
=:C

∈ Rps×ms.

From this factorization, a realization can be con-
structed via

A = O†
f Ol, B = C

[
Im

0

]
, C = [Ip 0]O, D = h0, (3)

where Of and Ol denote the first and last p(s−1) rows
of the observability matrix O ∈ Rps×n, respectively,
and † denotes the Moore–Penrose pseudoinverse [16,
17]. Classically, the factorization is computed from
a (truncated) SVD, i.e., for a truncation order r ≤
min{ms, ps} write the SVD as

H =
[
Ur ∗

] [
Σr 0
0 ∗

] [
V>

r

∗

]
,

where Ur ∈ Rps×r comprises the first r left singular
vectors as columns, Σr = diag (σ1, . . . , σr) the first
r singular values and Vr ∈ Rms×r the first r right
singular vectors as columns. By choosing

O = UrΣ1/2
r and C = Σ1/2

r V>
r , (4)

the resulting realization is approximately internally
balanced [16, 18]. Assuming that the impulse response
has decayed to negligible magnitude by index s, i.e.,
hk ≈ 0 for k > s, the resulting realization is stable
[10, 13, 16]. Additionally, the realization given by (3),
(4) satisfies the a priori error bound

2s−1∑
k=1

‖CrAk−1
r Br −hk‖2

F ≤ (r+m+p) ·σr+1(H)2, (5)

where σr+1(H) is the first neglected Hankel singular
value and ‖·‖F is the Frobenius norm [13, 16].

2.2. Loss-Free Projected ERA
By Section 2.1, we can construct reduced order mod-
els from HRIR datasets1. Recall that H ∈ Rps×ms.
For datasets with many input directions, m is large,
which can make the block-Hankel matrix infeasibly
wide for a direct SVD factorization. A natural ap-
proach would be to apply tangential projections with a
reduced number of inputs in the Tangential Eigensys-
tem Realization Algorithm (TERA) framework [10].
As mentioned, this can accelerate the computations
albeit yielding a suboptimal reduced order model. As
we will show now, the special structure of HRIRs al-
lows us to omit tangential truncation and use an exact
basis for the row space of H for projection instead.
HRIRs typically decay within a few milliseconds, so it
is common practice to consider FIR approximations
where the HRIR is set to zero after some time index s.
The following theorem bounds the McMillan degree
of an FIR approximation with s nonzero samples:

Theorem 2.1 (McMillan degree bound). Let hk ∈
Rp×m, k = 0, . . . , s, denote an FIR-approximated
impulse response sequence with hk = 0 for every k > s.

1HRTFs with equidistant frequency bins can be transformed
into HRIRs with an FFT.
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Then, the rational transfer function given by Hs(z) =∑s
k=0 hkz−k has McMillan degree at most ps. In

particular, for a MIMO-HRTF, p = 2 (the two ears),
so its McMillan degree is at most 2s, independently
of the number m of sampled directions.

Proof. Let H∞ = [hi+j−1]i,j≥1 be the infinite Hankel
matrix of Hs. Because the sequence is zero for k > s,
H∞ is zero outside its leading s×s block, which is H in
(2). Thus rank (H∞) = rank (H) ≤ ps. The McMillan
degree of a rational function equals the rank of its
infinite Hankel matrix, proving the result.

This bound is a property of finite HRIR, indepen-
dent of its realization. Thus, it applies whether or
not a state-space model is constructed. Since (2)
captures the Hankel singular values of an s-sample
MIMO-HRIR entirely, retaining its r = rank (H) ≤ 2s
nonzero singular components in ERA exactly realizes
the corresponding zero-extended HRTF. Thus, 2s is
a worst-case order bound rather than necessarily the
minimal order. Following input-side TERA [10], let

ΘR =
[
h>

1 · · · h>
s

]> = ŪΣ̄V̄> ∈ Rps×m

be its economy SVD2. The direct term is retained
without projection, so Dr = D = h0. Unlike stan-
dard TERA, we omit tangential truncation: with q =
rank (ΘR), set W2 = V̄ ∈ Rm×q, P2 = W2W>

2 , and
define the projected Markov parameters ĥk = hkW2.

Theorem 2.2 (Loss-free virtual inputs). Assume
hk = 0 for every k > s. Then, q ≤ rank (H) ≤ ps
and hk = hkP2 for every k ≥ 1. Consequently, the
projected Hankel matrix constructed from ĥk = hkW2
has the same nonzero Hankel singular values as (2).
For every reduced order, the Markov parameters of the
projected and unprojected ERA models are identical.

Proof. ΘR is the first block column of H, and W2
spans range(Θ>

R); hence q ≤ rank (H) and hk = hkP2.
With W = Is ⊗ W2, H = HWW>, so Ĥ = HW
has the same nonzero singular values. Corresponding
truncated SVDs differ only in their input coordinates;
thus (4) gives the same reduced Markov parameters
after backprojection.

Theorems 2.1 and 2.2 give a projected ERA workflow
that replaces a large SVD of size (2s × ms) by two
smaller SVDs of sizes (2s × m) and (2s × qs) that can
lead to substantial gains when q � m: First, com-
pute P2 from the measured data, identify a reduced
realization (Ar, B̂r, Cr, h0) from ĥ with ERA, then
backproject by Br = B̂rW>

2 . The factor W2 of P2
maps a physical input direction ej to virtual input
coefficients W>

2 ej , encoding each virtual input as a
linear combination of input directions. For a HRTF
dataset, q ≤ 2s, even when additional measured di-
rections are added, so this strategy can be applied

2An economy-size/rank-revealing LQ factorization can also
be used here.

to HRTF datasets of practically any level of spatial
fidelity. Finally, the previous rank considerations can
be used to sharpen the a priori error bound for ERA:

Theorem 2.3 (Projection-aware error bound). Under
the assumptions of Theorem 2.2, let (Ar, B̂r, Cr, h0)
be the order-r ERA realization of ĥ. Its backprojected
realization (Ar, B̂rW>

2 , Cr, h0) satisfies

2s−1∑
k=1

‖CrAk−1
r B̂rW>

2 − hk‖2
F ≤ (r + q + p) · σr+1(H)2.

Proof. Apply (5) to ĥ, which has q inputs. By Theo-
rem 2.2, the singular values agree and backprojection
preserves the error norm because W2 has orthonormal
columns.

3. EXPERIMENTAL SETUP
3.1. FABIAN Dataset and Preprocessing
We use the 256-sample, 44 100 Hz HRIRs for the neu-
tral HATO in the FABIAN HRTF database [14] with
m = 11 950 source directions at 2◦ elevation and az-
imuth increments. We treat them as h0, . . . , h255 of
a MIMO discrete-time system with p = 2 outputs
(the two ears), so s = 255 non-direct Markov parame-
ters are h1, . . . , h255. We zero-extend the sequence by
hk = 0 for k > s. Let h(i,j) ∈ R2s denote the resulting
HRIR from the i-th source to the j-th receiver. The
k-th Markov parameter contains the k-th sample of
every HRIR, i.e. {hk}i,j = h

(i,j)
k ∈ Rp×m. Before

system identification, the HRIRs are normalized so
that the mean energy of single-channel HRTFs is one.

3.2. Delay Handling
We use two delay-handling conditions. Original-delay
HRIRs are normalized, zero-extended responses with-
out shifts. For ITD-removed HRIRs, we estimate each
response onset as the last sample below 20 dB relative
to its maximum and shift the response by this esti-
mate3. For the FABIAN dataset, this retains s = 237
nonzero samples.

3.3. Implementation and Timing
Timings cover HRIR preprocessing, projected ERA
factorization, and reduced-realization construction,
excluding data loading. Three uncached trials per
case ran on an AMD Ryzen 7 8845HS laptop (8
cores, 16 threads; 14 GiB memory) under Arch Linux,
Python 3.13, NumPy 2.4.6, and SciPy 1.18.0 with 16
OpenBLAS threads.

4. RESULTS
4.1. Loss-Free Virtual Input Projection
For the original-delay FABIAN responses, the number
of loss-free virtual inputs is 510; after individual ITD
removal it is 2 ·237 = 474. Figure 1 depicts the Hankel
singular values decay for a varying (truncating) num-
ber of virtual inputs in the TERA framework. The red

3See find_impulse_response_start (pyFAR v0.8.0).
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(a) Original-delay HRIRs; colors show singular values.
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Figure 1: Hankel singular-value maps for neutral-orientation FABIAN HRIRs. Colors are dB relative to the maximum;
red lines mark loss-free virtual input caps and circles r = 70.
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Figure 2: Economy-SVD memory and full-SVD work
versus sampled directions, including dense Hankel and
economy-size factors. The red line marks the loss-free
virtual input cap q = 510.

vertical lines mark the respective values for q based on
Theorem 2.2 at which the input projection becomes
loss-free. To the right of these, the contours remain
horizontal, showing that further virtual inputs leave
the Hankel singular values unchanged. Several con-
tours are already nearly horizontal to the left of these
lines, suggesting that a lossy tangential truncation
could further reduce the input dimension for a chosen
accuracy target. We stick to q based on Theorem 2.2
because the computational gains are already sufficient
and an exact preservation of the HRTFs is preferable.
Figure 2 shows that direct economy-SVD storage
would require 23.2 GiB. Capping the virtual input di-
mension at q = 510 reduces storage to approximately
1.0 GiB and full-SVD work by a factor of about 23.
These savings are theoretical, not measured speedups,
because the direct factorization exceeded the available
memory of our platform.

4.2. Effect of ITD-Alignment
Figure 3 compares singular-value decay, the two a
priori bounds, and measured relative HRIR recon-
struction errors. As can be seen from Figs. 1 and 3,
individual ITD removal produces a faster singular
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Corrected bound
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ITD-aligned error

Order 70

Figure 3: Hankel singular-value decay, a priori bounds,
and relative HRIR reconstruction errors for neutral-
orientation FABIAN data. Colors distinguish delay han-
dling; line styles distinguish quantities; and circles mark
restored-response errors at r = 70; the dark curve uses
the aligned reference. For ITD-removed responses, the
bounds apply to the aligned system, so comparison with
restored-response errors is empirical.

value decay and reduces the relative error at a fixed
reduced order. However, the relative error of ITD-
restored reduced order models does not decrease below
−36.5 dB. At r = 224, the ITD-restored models per-
form worse than the original-delay models. A further
increase of model order does not improve the error
substantially. This, however, does not stem from the
projected ERA routine but is due to the truncation
of nonzero values of the HRIR when removing the
estimated ITDs. The ITD-aligned error also depicted
in Fig. 3 continues to decay to −281.7 dB at order 480,
showing that the high-order plateau is not caused by
a lack of convergence against the aligned reference.
An increase in model order does in fact improve the
approximation of the ITD-removed HRIR but at a
certain point, the error in truncation during removal
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becomes larger than the error in the model reduction.
Earlier HRTF work likewise found that alignment or
phase correction can reduce effective spatial order
[19], and that ITD can degrade reduced state-space
models [1, 13]. The present result is consistent with
these observations, but it does not establish a causal
mechanism.

4.3. Order Selection
The common reduced order r = 70 was selected as the
lowest order whose original-delay reconstruction error
is below −12 dB (−12.3 dB). This threshold is set
arbitrarily and not directly motivated by a perceptual
study. Earlier HRTF state-space studies reported and
perceptual order thresholds between 7 and 24 for an
array of 50 HRTFs [6], but these conditions are not
directly comparable with the present 11 950-direction
dataset. The literature therefore only contextualizes
the order scale; perceptual and localization validation
is still required.
Figure 4 examines the individual left and right re-
sponses at azimuth 45◦ and elevation 15◦. The time-
domain panel compares the measured responses with
the delay-restored, ITD-removed order-70 model. The
magnitude panel compares the measured responses,
the original-delay and ITD-removed models, and the
corresponding ear-specific errors. Thus, the individual-
response comparison complements the aggregate errors
in Fig. 3 at the selected common order.

5. CONCLUSIONS
We presented a projected ERA formulation for densely
sampled MIMO HRTFs. For finite length-s FIR-
HRIRs, the McMillan degree and loss-free virtual
input dimension are bounded by 2s, independently of
the number of sampled directions. This data-driven
bound preserves the nonzero Hankel singular values
and can also guide investigation of other Hankel- or
SVD-based HRTF representations.
For the 11 950-direction FABIAN dataset, loss-free pro-
jection reduces estimated economy SVD storage from
23.2 GiB to approximately 1.0 GiB, lifting the memory
limit of the evaluated laptop platform. The projection-
aware error bound is correspondingly tighter than the
classical ERA bound because it uses q = 510 rather
than all m = 11 950 input directions. Individual
ITD removal accelerated singular-value decay and re-
duced the relative reconstruction error from −12.3 dB
to −25.1 dB. The study considers one neutral head-
above-torso orientation (HATO) of the FABIAN head.
Future work should test further HATOs and direc-
tional samplings, assess perceptual and localization
implications, and evaluate dead-time-splitting extrac-
tion [13] for improved real-time rendering.

Source Code Availability
The source code used to compute the results is avail-
able at doi:10.5281/zenodo.21727073 under the
MIT license.
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