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Abstract

In recent years, phase-gradient metamaterials have
attracted significant attention for their ability to steer
incident waves. Their behavior follows the generalized
Snell’s law, which links reflected and transmitted wave
directions to the phase gradient of their coefficients
along the surface. By imposing a linear phase profile,
reflected waves can be converted into surface waves
and subsequently suppressed using an absorbing layer,
enabling high-performance absorption.

In practice, these metamaterials consist of periodic
arrays of discrete cells incorporating porous layers,
space-coiling geometries, or locally resonant elements,
each designed to provide a targeted phase response.
Recent studies seek to achieve strong absorption by
controlling reflection phase gradient, but achieving
these profiles often results in bulky designs.

This study proposes a metamaterial based on highly
tortuous perforated foam, typically used outdoors and
resembling a double-porosity material. Its tunable
perforation parameters and excellent low-frequency
absorption make it a promising candidate for
generating the required phase gradients within a
subwavelength structure. The paper presents the
complete design process, from phase-control analysis
through perforation tuning to metamaterial optimiza-
tion, including foam-property and geometry selection,
and a sensitivity analysis assessing amplitude-related
deviations between theoretical and actual material
properties.
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1. Introduction

Phase gradient metamaterials (PGMs) have recently
emerged as a highly promising solution for sound
absorption due to their ability to suppress the
reflection of incident waves through the generalized
Snell’s law. This can be achieved by periodically ar-
ranging cells composed of porous layers, space-coiling
structures, or locally resonant elements. Owing to
their ability to manipulate the direction of reflected
waves, PGMs can also be employed in other appli-
cations, such as acoustic cloaks and acoustic lenses [1].

In conventional PGMs composed of alternating layers
of air and porous absorbing foam Fig. 1, the required
phase gradient is achieved by varying both the thick-
ness and the position of the foam layers. However,
such an approach generally results in bulky structures.
This paper proposes an alternative design based on
perforated porous foam, whose acoustic properties
can be tailored through the geometric characteristics
of the perforations. This type of double-porosity
material enables significant variations in acoustic
behavior through geometric modifications alone,
without altering its overall thickness. Consequently,
the local phase response at the metamaterial surface
can be adjusted without increasing the total thickness
of the structure, enabling the realization of compact
PGMs. An optimization framework for the design of
such metamaterials is also presented.

The paper is organized as follows. First, the ability of
the perforated foam to modify its acoustic properties
as a function of its geometry is investigated, together
with the resulting variations in the reflection coefficient
of an individual unit cell. Particular attention is given
to the local acoustic response of each cell. Second,
the assembly of individual cells into a phase gradient
metamaterial is presented through the description
of the proposed PGM design algorithm. Finally, the
resulting optimized PGM configurations are discussed.
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Figure 1: Representation of a PGM with P; and P,
respectfully the incident and reflected pressures and 6;, 0,
the angles of incidence and reflection.

2. Phase manipulation via perforated
foam

2.1. Foam characteristics variability

The perforated foam investigated in [2] exhibits a high
absorption performance in the 600-800 Hz frequency
range with a thickness of only L = 4 cm, making it
a particularly compact solution relative to its absorp-
tion peak frequency. The material is characterized by
four tunable geometric parameters: the wall thickness
between adjacent cells ¢, the cell radius C,., the perfo-
ration radius r,, and the spacing between neighboring
perforations d,, Fig. 2. These parameters govern the
effective acoustic properties of the foam and therefore
provide a means of tailoring its local phase response.
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Figure 2: Representation of the perforated foam with its
characteristics with t the cell wall thickness, C, the cell
radius, rp the perforation radius, d, the distance between
perforations.

In [2], the acoustic behavior of the perforated foam is
modeled using the Johnson-Champoux-Allard (JCA)
model. The model relies on a set of macroscopic pa-
rameters, namely the porosity ¢, the high-frequency
tortuosity limit 7°°, the viscous characteristic length
A, the thermal characteristic length A’, and the air-
flow resistivity o. Each of these JCA parameters is
expressed as a function of the foam geometry. How-
ever, for most parameters, these relationships are
empirical and are available only for a limited number
of data points. Consequently, a regression model is re-
quired to continuously describe the acoustic behavior
of the foam across the design space. Because of the
sparse nature of the available dataset, a probabilistic
approach based on Gaussian process regression [3] is
adopted such that, for instance, ¢ = GP(t, Cy,7p,dp).
This approach is also adopted for the other JCA pa-

rameters 7°,A,A’. The air flow resistivity o is the
only parameter with an empirical law found in [2].
Once the they have been estimated, the equivalent
acoustic properties of the material, namely the effec-
tive density p.q, and the equivalent bulk modulus K,
can be derived. [4]
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where pg denotes the density of air, n its dynamic
viscosity, Py the atmospheric pressure, v the ratio of
specific heats, C), the specific heat capacity at constant
pressure, and x the thermal conductivity. From these
equivalent material properties, the equivalent char-
acteristic impedance Z, can be determined, together
with the associated complex wavenumber. These quan-
tities fully describe the propagation of acoustic waves
within the porous medium and constitute the basis for
predicting the reflection, transmission, and absorption
behavior of the perforated foam.

Zc =V Keqpezp

2.2. Reflection coefficient of a cell

To construct the proposed PGM, we focus on the
reflection coefficient at the surface of each unit cell,
and more specifically on its amplitude and phase. The
overall set of reflection coefficients can be expressed
as

Peq
kr= .
1= R, (3)

Ry ={Ry, Ry, ..., Ry} = |r|e/1®1:%2®n) ()

with N the number of cells in a period, R; the coeffi-
cients of reflection on top of each cell, |r| the amplitude
and ®; their phase.

For the phase gradient to operate effectively as men-
tionned in [5], two conditions must be satisfied: the
reflection amplitude should remain approximately con-
stant across all unit cells, and the reflection phase
should be uniformly distributed over the interval
[0,27] according to the number of cells composing
the metamaterial. Failure to satisfy these require-
ments may lead to deviations from the ideal response,
resulting in reduced wavefront control and degraded
absorption performance.

To design the PGM, the reflection coefficient of each
unit cell must first be determined independently and
then assembled according to the targeted amplitude
and phase distributions. For the computation of these
coefficients, only plane-wave propagation within each
cell is assumed as in Fig. 3. Under this assumption,
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the Transfer Matrix Method (TMM) can be employed
to model wave propagation through the multilayer
structure and to evaluate the reflection coefficient at
the cell surface :

— o—2ikaly ejka(Zf — Z)A+ e—jka(Zf + Z,)B

Re ejka(Zf—i-Za)A—‘re_jka(Zf—ZQ)B7

t

A =27, cos (kgla) + 25 Zy sin (kglo),

)
6)
B =27, cos (kol2) — 2§ Z; sin (kql2). )

—_~ =~
~

| o

‘ 6}
L

" O
L

| 6}
L

Rigid wall

w

Figure 3: Representation of a cell with P;,, Prn, the
incident and reflected pressure waves in each of the layers
of the cell. L is the thickness of the foam, H the thickness
of the cell and [;,l2, the thicknesses of the layers of air.

3. Design process

3.1. Goal and Application

To determine the most appropriate PGM configura-
tion, it is first necessary to clearly define the intended
application of the system as well as the associated de-
sign constraints. These considerations make it possible
to identify key specifications, such as the maximum
admissible thickness of the metamaterial and the fre-
quency range of interest. In the present study, the
proposed PGM is designed as a narrowband absorber
targeting a specific operating frequency, denoted by
fa

As a representative example, we consider the perfo-
rated foam investigated in [2], for which the developed
models predict absorption peaks exceeding a > 0.8
around f, ~ 650 Hz with a uniform thickness of only
L = 2.5 c¢m, corresponding to approximately A/21. In
this work, the same thickness is adopted for the PGM,
namely H = 2.5 cm, while targeting a lower operating
frequency of f, = 500 Hz, yielding a subwavelength
thickness of approximately H = \/27.

The metamaterial thickness and the target frequency
constitute the primary design constraints. Neverthe-
less, additional parameters, such as the unit-cell width
w and the periodicity distance d of the unit-cell, must

also be specified. The cell widths may, in principle, be
adjusted to compensate for imperfections in the phase
profile and thereby mitigate deviations from the ideal
response. However, for this study, all unit cells are
assumed to have identical widths, such that w; = d/N
where N denotes the total number of cells within
a period. The periodicity distance d is directly re-
lated to the phase-gradient mechanism. To ensure the
conversion of reflected waves into surface waves, the
periodicity must remain smaller than half the acoustic
wavelength in air. By selecting d = 6 cm, this re-
quirement is satisfied at the target frequency, thereby
enabling the desired wave manipulation regime.

3.2. Assembly and phase profile creation

The PGM is constructed by assembling individual cells
side to side horizontally according to their reflection
coefficients to create the whole unit-cell. The first step
consists of generating a database of candidate cells
with varying properties: different perforated foam con-
figurations characterized by the geometric parameters
(t,Cy,dp, rp), together with the foam thickness L and
its position within the unit cell, yy. This database
constitutes the set of elementary building blocks from
which the PGM can be designed.

The phase and magnitude of the reflection coeffi-
cient associated with each candidate cell can be
conveniently visualized using a polar representation,
as illustrated in Fig. 5. Given the imposed design
constraints, such a representation provides an initial
assessment of the feasibility of realizing a PGM and
identifies the phase profiles that can realistically be
achieved. In general, high reflection magnitudes are
associated with a limited phase coverage, making
the realization of a complete phase gradient more
challenging. Conversely, lower reflection magnitudes
typically allow a wider phase range, thereby enabling
a finer discretization of the phase gradient using more
than two unit cells.

The design procedure can be summarized as follows.
First, the number of unit cells per period is selected.
The candidate cells are then grouped according to the
magnitude of their reflection coefficient, |r|, in order to
satisfy the requirement of a nearly uniform reflection
amplitude across the PGM surface. An admissible
amplitude tolerance must therefore be defined to en-
sure a sufficiently consistent surface impedance and
to avoid performance degradation caused by excessive
amplitude variations.

Second, each amplitude group is subdivided according
to the phase of the reflection coefficient, denoted by ®..
For a given number of cells N, the phase interval [0, 27]
is divided into IV equal segments corresponding to the
desired phase states. Candidate cells are then assigned
to these phase intervals according to their respective
phase responses. All possible PGM configurations
are generated by selecting one cell from each phase
interval, thereby constructing discrete approximations
of the target phase gradient. As a result, a collection
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of candidate PGMs is obtained, each characterized
by a specific reflection amplitude and phase-gradient
discretization.

Third, using the analytical model described in [5],
the global reflection coefficient and the corresponding
absorption coeflicient at the target frequency can be
computed for each candidate PGM. A selection crite-
rion is then applied, retaining only the configurations
satisfying a > 0.9 at the design frequency. Finally,
the procedure is repeated for different numbers of unit
cells per period, with N € [2,5], and the absorption
performance of the selected PGMs is evaluated over
the frequency range f € [20,5000] Hz. The design
showcasing the best broadband absorption amongst
the pool of created PGMs is ultimately chosen as
the configuration exhibiting the best broadband ab-
sorption performance over the frequency range under
consideration.

3.3. Impact of amplitude variation

For a PGM, the magnitude of the reflection coeflicient
is ideally required to remain constant across all unit
cells. However, depending on the specific cells selected
to construct the metamaterial, variations in the overall
performance may still arise. Consequently, within the
proposed design procedure, it is necessary to define
an amplitude interval over which different reflection
coefficients can be considered equivalent and therefore
grouped together.

To establish this interval, the reflection coefficient of
each unit cell is expressed as

Re = (|r] + or)e’®, &)

where 7 represents the local amplitude variation asso-
ciated with a given unit cell. This variation is modeled
as a random variable following a uniform distribution
over the interval [r — Ar, r + Ar]. The objective is
to generate a sufficiently large number of theoreti-
cal PGM realizations in order to evaluate the impact
of reflection-magnitude fluctuations on the overall
performance of the metamaterial. More specifically,
this approach enables the assessment of worst-case
scenarios and determines whether a prescribed am-
plitude variance leads to a significant degradation of
the absorption performance. To compare the different
realizations, the Root Mean Square Error (RMSE) is
employed as a measure of the deviation between the
target reflection magnitude r and the actual reflection
magnitudes assigned to the unit cells. The RMSE is
defined as

In Fig. 4, a reference reflection magnitude of |r| = 0.5
is considered, which is higher than the values encoun-
tered for the PGMs investigated in this work. In other
cases, the PGM could have higher values of ampli-
tude which would need a smaller interval to use. As
the reflection magnitude increases, variations in its
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Figure 4: Variation of the absorption of a 4 cell PGM de-
pending on the Root Mean Square Error in the amplitude
with |r| = 0.5, Ar =0.1.

value are expected to have a more pronounced impact
on the absorption performance of the metamaterial.
The maximum variation, Ar = 0.1, corresponds to
the tolerance adopted in the proposed PGM design
algorithm. It can be observed that the absorption
performance remains largely unaffected by these fluc-
tuations, with the lowest recorded value approaching
a =0.965. This result remains highly satisfactory
and well above the minimum absorption threshold
imposed during the design process.

In principle, it would be possible to assemble the cells
using a purely combinatorial approach by evaluating
every possible PGM configuration generated from the
available unit-cell database. However, the proposed
grouping strategy significantly reduces the number
of candidate configurations and, consequently, the
computational cost, while remaining consistent with
the underlying physical requirements of the phase-
gradient mechanism. Similarly, a finer discretization
of the phase-gradient intervals could be introduced to
further reduce the number of admissible configurations
and streamline the optimization procedure.

3.4. Resulting models

In Fig. 5, the best-performing configurations iden-
tified by the optimization algorithm are presented
together with the selected unit cells. Owing to the
phase-grouping strategy adopted during the design
process, no sufficiently efficient configurations could
be found for PGMs composed of three or five unit
cells per period. Consequently, only two candidate
PGM designs were retained for further analysis.

A first observation is that configurations exhibiting a
low reflection magnitude are naturally favored, since
minimizing the reflected energy is essential for maxi-
mizing acoustic absorption. Nevertheless, the selected
designs do not correspond to the cells with the low-
est reflection magnitudes available in the database.
This highlights the crucial role played by the phase
gradient itself in the overall performance of the meta-
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material. A second noteworthy observation concerns
the non-uniformity of the phase gradients obtained
for both designs. Indeed, the wavefront manipulation
mechanism induced by the phase gradient appears to
be sufficiently robust to maintain its effectiveness even
when the phase and amplitude distributions deviate
from the ideal theoretical profile.
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Figure 5: Distribution of the coefficient of reflection
of each cell on a polar graph with the chosen profiles,
fa = 500Hz and H = 0.025m. The radius is the amplitude
|r|, and the angle is its phase ®

The absorption results are presented in Fig. 6, where
the two optimized PGMs are compared with a uni-
form perforated foam layer of identical thickness,
L = H = 2.5 cm, specifically designed to exhibit its ab-
sorption peak at f, = 500 Hz. At the target frequency,
the uniform foam exhibits significantly lower perfor-
mance, with an absorption coefficient slightly above
0.65. In contrast, both PGMSs achieve absorption coef-
ficients exceeding 0.9, while the four-cell configuration
approaches near-perfect absorption.

These results indicate that increasing the number of
unit cells per period improves the discretization of the
desired phase gradient, allowing the resulting phase
profile to approximate more closely an ideal linear
distribution. Consequently, enhanced absorption per-
formance is obtained. The main limitation of the
proposed designs, however, lies in their inherently
narrowband behavior, as high absorption levels are
achieved only within a relatively limited frequency
range around the target frequency.

4. Conclusion

This study demonstrates the strong potential of perfo-
rated porous foams for the implementation of phase-
gradient metamaterials. By tailoring the acoustic
properties of the foam through its perforation ge-
ometry, a wide range of reflection-coefficient mag-
nitudes and phases can be achieved at the surface,
enabling the realization of the desired phase profiles.

a as a function of frequency

1.0 —— 2 cells PGM
—— 4 cells PGM
—— Uni Foam

0.8

0.6

S

0.4

0.2

0.0

102 103
f [Hz]

Figure 6: Absorption « of the two PGMs profiles found
by the program and the uniform perforated foam designed
for f, = 500Hz as a function of the frequency.

The proposed design algorithm successfully identified
high-performance PGM configurations that satisfy
the imposed constraints. Furthermore, the resulting
metamaterials provide a significant improvement over
the reference uniform foam, despite operating with
a reduced relative thickness, from L = A/21 for the
original foam absorber to H = A/27 for the optimized
PGM.

These findings establish a promising foundation for
future developments of porous phase-gradient meta-
materials. Potential extensions include the considera-
tion of alternative boundary conditions and excitation
scenarios, the implementation of more advanced op-
timization strategies involving multiple layers within
a single cell, and the exploration of novel design ap-
proaches aimed at achieving broadband absorption
while maintaining the compact characteristics of the
proposed structures.
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