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Abstract
CMF estimates acoustic source strengths on a pre-
defined focus grid by fitting a modeled microphone
Cross-Spectral Matrix (CSM) to the sample CSM and
is often formulated as a nonnegative LASSO problem.
Classical algorithms for the LASSO need model selec-
tion and many iterations for accurate reconstructions.
Algorithm unfolding reduces this effort by learning
selected algorithmic parameters from ground-truth
source maps. Unfolded algorithms for CMF use a dic-
tionary from an analytic propagation model in each
unfolded iteration. In measurements, the unknown
true propagation model may differ from this analytic
model. Supervised training creates a second mis-
match because ground-truth source maps are unavail-
able for measured array data, so training must rely
on synthetic data generated with an analytic propaga-
tion model. This work therefore compares supervised
training using the MSE objective with unsupervised
training, focusing on different objectives including
LASSO, Cross-Validation (CV), and a smooth approx-
imation of the Bayesian Information Criterion (BIC).
In the matched setting, CV and BIC can reach valida-
tion NMSEs similar to supervised training using the
MSE objective. Under propagation model mismatch,
direct unsupervised training on sample CSMs gener-
ated from measured transfer functions from MIRACLE-
A1 yields sparser source maps than supervised train-
ing on perturbed synthetic data.
Keywords: covariance matrix fitting, deep unfolding,
sparse recovery, dictionary mismatch, microphone array

1. Introduction
Unfolded algorithms [1] have shown favorable accu-
racy and runtime compared with classical LASSO al-
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gorithms, such as ISTA and FISTA [2], for Covari-
ance Matrix Fitting (CMF) [3], [4]. However, many
unfolded algorithms are trained with supervised ob-
jectives, which require ground-truth source maps [5],
[6]. In acoustic measurements, such source maps are
usually unavailable, so supervised training must rely
on synthetic source maps and simulated propagation
models. This can introduce mismatch between train-
ing data and measured array data. Unsupervised
training avoids ground-truth source maps, but exist-
ing approaches mainly optimize the original LASSO
objective [5], [6]. This objective still requires choos-
ing the regularization parameter. Model-selection cri-
teria such as Cross-Validation (CV) and Bayesian In-
formation Criterion (BIC) address this choice, and
smooth information criteria make such criteria dif-
ferentiable [7]. This work compares supervised and
unsupervised objectives under a matched synthetic
propagation model and under propagation model mis-
match using sample Cross-Spectral Matrices (CSMs)
generated from measured transfer functions of the
MIRACLE-A1 dataset.
The remainder of this paper is organized as follows.
Section 2 introduces CMF, the nonnegative LASSO for-
mulation, and the unfolded FISTA algorithms. Sec-
tion 3 defines the supervised and unsupervised train-
ing objectives, and Sec. 4 presents the experimental
settings and results.

2. Theory
2.1. Covariance Matrix Fitting
CMF estimates source strengths by fitting a modeled
CSM to the sample CSM [4]. At a single frequency, the
sample CSM of c microphone channels is

Ĉ = 1
l

l∑
b=1

pbpH
b , pb ∈ Cc, (1)

where pb contains the complex microphone pressures
at that frequency and l is the number of snapshots.
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For a focus grid with n points, the propagation matrix
H ∈ Cc×n is defined by

Hi,j = r0,j

ri,j
exp
(
−i ω

c0
(ri,j − r0,j)

)
, (2)

where ri,j is the distance from focus point j to micro-
phone channel i, r0,j is the distance to the reference
microphone, and c0 is the speed of sound. For un-
correlated sources, the source CSM Q = diag(q) is
diagonal with source strengths q ∈ Rn

+. The modeled
microphone CSM is then

C = HQHH =
n∑

j=1
qjH:,jHH

:,j . (3)

To avoid redundant computations, only the upper tri-
angular entries of the sample CSM, including the diag-
onal, are retained. The data vector y ∈ Rm stacks the
corresponding real parts and the imaginary parts of
the strict upper triangular entries, with m = c2. The
dictionary A = [a1, . . . , an] ∈ Rm×n is constructed
with the same reduced representation, yielding

y = Aq + ε, (4)

where ε is an unknown residual term that may in-
clude effects of finite acquisition time, sensor noise,
and propagation-model mismatch.

2.2. LASSO
Source strengths are estimated with the nonnegative
LASSO criterion

Classo(x, λ) = 1
2m

∥Dx − y∥2
2 + λ∥x∥1, x ≥ 0. (5)

Here, x is the normalized source-strength vector and
λ controls the solution sparsity. The factor 1/m
keeps the least-squares term and the regularization
scale comparable when the number of measurements
changes. The normalized source-strength estimate
is x̂ ∈ arg minx≥0 Classo(x), and the corresponding
source-strength estimate is q̂ = U−1x̂. The dictio-
nary is normalized columnwise as D = AU−1, where
U = diag(∥a1∥2, . . . , ∥an∥2), so that x = Uq. Equireg-
ularized normalization is used throughout this work.
For an unnormalized measurement ȳ, define

λmax(ȳ) = 1
m

max
{

0, max
j=1,...,n

d⊤
j ȳ

}
, (6)

which is the smallest regularization value for which
the nonnegative LASSO solution is zero. Thus,
λmax(y) = 1, and λ ∈ [0, 1] has a consistent relative
scale across problems. Measurements are rescaled as
y = ȳ/λmax(ȳ), and the corresponding target source-
strength vector is rescaled as q = q̄/λmax(ȳ).

2.3. Unfolded FISTA
The Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA) minimizes the criterion in Eq. (5) using proxi-

mal gradient descent with momentum [2]. Algorithm
unfolding parameterizes selected parts of an opti-
mization algorithm and learns these parameters from
data [1]. Starting from t(0) = 1 and x(0) = x(−1) = 0,
the unfolded FISTA algorithms of this work use the
iteration

t(k+1) = 1 +
√

1 + 4(t(k))2

2
, (7)

z(k) = x(k) + t(k) − 1
t(k+1)

(
x(k) − x(k−1)), (8)

x(k+1) = S+
γ(k)λ

(
z(k) − γ(k)

m
W (Dz(k) − y)

)
. (9)

Here, S+
η (u) = max(u − η, 0) is applied component-

wise, γ(k) denotes the iteration-dependent step size,
and W ∈ Rn×m denotes the effective weight matrix.
The scalar sequence t(k) determines the momentum
coefficient (t(k) − 1)/t(k+1). Classical FISTA is recov-
ered for W = DT and constant γ(k).
Both unfolded FISTA variants use neural augmenta-
tion following [8], where a small LSTM determines the
problem- and iteration-dependent step size γ(k). De-
pending on the training objective, λ is either fixed or
learned, and the shrinkage threshold is θ(k) = γ(k)λ.
The variants differ only in the choice of the effective
weight matrix W .
2.3.1. Neurally Augmented Step-Learned FISTA
Learned or pre-optimized weight matrices can im-
prove reconstruction for unfolded ISTA under super-
vised training [9]. However, the unsupervised LASSO
setting motivates using W = DT. For ISTA, deep lay-
ers of a convergent unfolded algorithm trained with
a LASSO objective reduce to learned step-size itera-
tions under suitable assumptions [5]. Neurally Aug-
mented Step-Learned FISTA (NA-SLFISTA) therefore
sets W = DT and uses the LSTM to determine γ(k),
with θ(k) = γ(k)λ.
2.3.2. Adaptive Neurally Augmented Step-Learned

FISTA
Adaptive Neurally Augmented Step-Learned FISTA
(Ada-NA-SLFISTA) follows Ada-LISTA, which introduces
a learnable weight matrix B ∈ Rm×m while keeping
the dictionary explicit. This allows one learned al-
gorithm to handle varying dictionaries [10]. Under
suitable coherence and sparsity assumptions, conver-
gence guarantees for a clean dictionary D can extend
to noisy dictionaries D̃ = D + E [10]. Motivated
by this adaptive formulation, Ada-NA-SLFISTA adds a
learnable weight matrix B ∈ Rm×m, initialized as the
identity, and uses the effective weight matrix

W = DTBT. (10)

3. Optimization Objectives
This section defines the loss functions used to train
the unfolded algorithms. For the sth sample prob-
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lem with measurements ys ∈ Rm and dictionary
D ∈ Rm×n, let x̂

(K)
s ∈ Rn

+ denote the estimate af-
ter K unfolded iterations. Training minimizes the
empirical loss

L = 1
S

S∑
s=1

C
(

x̂(K)
s

)
, (11)

over a batch of S sample problems, where C is the
objective criterion.

3.1. Supervised Learning
3.1.1. Mean-Squared Error (MSE)
When ground-truth source maps qs are available,
training can use supervised objectives. The MSE is
commonly used to train unfolded algorithms and is
defined as

Cmse(x̂(K)
s ) = 1

n
∥qs − q̂(K)

s ∥2
2. (12)

3.2. Unsupervised Learning
In the unsupervised setting, ground-truth source
maps are not provided, and the training dataset con-
sists only of {ys}S

s=1.
3.2.1. Least Absolute Shrinkage and Selection Opera-

tor (LASSO)
A natural choice is the LASSO criterion from Eq. (5),
evaluated at the solution x = x̂

(K)
s and y = ys. This

criterion matches the objective minimized by the clas-
sical algorithm that the unfolded algorithm is based
on. A disadvantage is that λ must be specified. This
creates an outer model-selection problem because the
optimal λ is unknown. In addition, the LASSO ob-
jective is not fully differentiable because λ∥x̂

(K)
s ∥1 is

nondifferentiable at zero. It therefore requires sub-
gradient handling, which modern autodifferentiation
frameworks support.
3.2.2. Cross-Validation (CV)
CV does not require λ to be specified beforehand. In
CV, the scalar entries of each measurement vector ys

are randomly split into training and validation sub-
sets based on the row-index sets Ts and Vs. The split
defines {(As,t, As,v, ys,t, ys,v)}S

s=1, with 80% of the en-
tries assigned to Ts and 20% assigned to Vs. Here,
mt = |Ts| and mv = |Vs| denote the numbers of scalar
entries in the training and validation subsets, respec-
tively. Training and validation dictionaries are nor-
malized with Us,t = diag (∥as,t,1∥2, . . . , ∥as,t,n∥2), giv-
ing Ds,t = As,tU

−1
s,t and Ds,v = As,vU−1

s,t . Both mea-
surement subsets are normalized by λs,t,max. This
value is computed from Eq. (6) using Ds,t, ȳs,t, and
mt, so that ys,t = λ−1

s,t,maxȳs,t and ys,v = λ−1
s,t,maxȳs,v.

The CV objective minimizes the mean-squared resid-
ual on the validation entries for reconstructions x̂

(K)
s,t

computed from the training subset:

Ccv(x̂(K)
s,t ) = 1

2mv
∥Ds,vx̂

(K)
s,t − ys,v∥2

2. (13)

3.2.3. Bayesian Information Criterion (BIC)
Here, BIC is used as a training objective. For the
estimate x̂

(K)
s , the objective is

Cbic(x̂(K)
s ) = m log

(
∥Dx̂

(K)
s − ys∥2

2
m

)
+ log(m)∥x̂(K)

s ∥0,ϵs
. (14)

The first term corresponds to the Gaussian linear-
model log-likelihood with unknown variance, using
∥Dx̂

(K)
s − ys∥2

2/m as the variance estimate. The
second term smooths the number of nonzero coeffi-
cients used as an unbiased degrees-of-freedom esti-
mate for the LASSO [11]. Since the ℓ0-norm is non-
differentiable, the cardinality term is replaced by a
smooth approximation [7], [12],

∥x̂∥0,ϵ =
n∑

j=1
(1 − ϕϵ(x̂j)), lim

ϵ→0
ϕϵ(x) =

{
1, x = 0
0, x ̸= 0

.

(15)
Thus, 1 − ϕϵ(x) approximates the indicator function
smoothly. This work uses the Gaussian family,

ϕϵ(x) = exp
(

−x2

2ϵ2

)
(16)

The smoothing threshold ϵs is chosen from the current
reconstruction rather than fixed globally. For each
sample, ϵs is set 20 dB below the largest entry of the
reconstructed normalized source-strength vector,

ϵs = α∥x̂(K)
s ∥∞, α = 10−2. (17)

This makes the smoothed cardinality term depend on
each reconstructed source map. Entries far below the
largest reconstructed source-strength coefficient are
therefore treated as negligible, while the threshold re-
mains comparable across normalized sample problems
with different source levels and source counts. Other
smooth approximations, including rational, triangu-
lar, and truncated hyperbolic families, are discussed
in [12]. Comparing these alternatives is beyond the
scope of the present study.

4. Experiments
The unfolded algorithms are evaluated in two ex-
perimental settings. First, the experiment with a
matched synthetic propagation model in Sec. 4.2
tests whether unfolded algorithms trained with un-
supervised objectives can perform comparably to
supervised training using the MSE objective. Sec-
ond, the experiment in Sec. 4.3 tests how robust
Ada-NA-SLFISTA is under propagation model mis-
match depending on the objective.

4.1. Experimental Setup and Data Generation
Fig. 1 shows the phyllotaxis-based microphone array
and the focus grid used in all experiments [13]. The
aperture da = 0.648 m is the maximum pairwise mi-
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∆x = da ∆y = da

∆z = 0.75m rm,nr0,n

Figure 1: Phyllotaxis microphone array with 16 micro-
phones and the 16×16 focus grid used for reconstruction.

crophone distance. The square focus grid is parallel
to the array plane at z = 0.75 m, spans da × da, and
contains 16 × 16 points (n = 256). The reference
microphone is closest to the array center.
Source strengths are sampled following [3]. For each
realization, the source strength is sampled as

qj = 1{rj<J/n}uj ,

rj ∼ U(0, 1), uj ∼ R(1),
j = 1, . . . , n.

(18)

Here, J = 10 is the expected number of active sources,
and R(1) denotes the Rayleigh distribution with unit
scale. When the source grid and focus grid coincide,
q serves as the ground-truth source map.
For the active set I = {j : qj > 0}, HI contains
the corresponding columns of the propagation matrix,
and QI = diag(qI) denotes the source CSM. Finite
acquisition time is modeled by drawing the sample
source CSM from a scaled complex Wishart distribu-
tion,

Q̂I ∼ 1
l
WC(l, QI) , E{Q̂I} = QI , (19)

where l is the equivalent number of independent snap-
shots. Spatially white sensor noise is drawn as

Σ̂n ∼ 1
l
WC
(
l, σ2Ic

)
, σ2 =

∑
j∈I |H0,j |2qj

10SNR/10 . (20)

All experiments use l = 128 and SNR = 20 dB. The
sample CSM is then

Ĉ = HIQ̂IHH
I + Σ̂n. (21)

All experiments use the nominal Helmholtz numbers

He = fda

c0
, (22)

with He ∈ {16, 8}, speed of sound c0 = 343 m/s, and

frequency f in Hz.

4.2. Matched Synthetic Propagation Model
Sample CSMs are generated as described in Sec. 4.1,
using the analytic propagation matrix. The source
grid equals the focus grid, so all simulated sources
lie on the reconstruction grid. For each combina-
tion of nominal Helmholtz number and objective, sep-
arate instances of NA-SLFISTA and Ada-NA-SLFISTA
are trained. The objectives are CV, BIC, LASSO with
λ = 0.1λmax or 0.5λmax, and MSE as the supervised
reference. For LASSO, λ is fixed to the stated value.
For the other objectives, λ is trained as a nonnega-
tive scalar initialized at 0.01λmax. The algorithms
are trained incrementally up to K = 15 unfolded iter-
ations. For each trained variant and unfolded depth
K, training uses 1, 000 mini-batches of 512 gener-
ated sample problems with a learning rate of 10−4.
For each K, the current unfolded algorithm is eval-
uated every 100 optimization updates on one valida-
tion batch of 256 generated sample problems. After
training, test evaluation uses 1, 024 generated sam-
ple problems. The resulting validation Normalized
Mean-Squared Error (NMSE) curves over optimization
updates are shown in Fig. 2.
4.2.1. Results and Discussion
The learnable weight matrix improves training con-
vergence, as shown in Fig. 2. For Ada-NA-SLFISTA,
BIC closely follows the supervised MSE reference at
both Helmholtz numbers and reaches a similar final
NMSE. The CV objective also benefits from the learn-
able weight matrix but converges more slowly, espe-
cially at the lower Helmholtz number. In contrast,
LASSO with 0.5λmax underfits for all tested cases. Re-
ducing the regularization parameter to 0.1λmax low-
ers the NMSE for LASSO across all tested unfolded algo-
rithms, indicating that 0.5λmax yields overly sparse re-
constructions. The smaller improvement for LASSO is
consistent with the Step-LISTA (SLISTA) analysis [5].
For unfolded algorithms that converge to the LASSO
solution, the deepest unfolded iterations reduce to
ISTA-like updates with learned step sizes. Accord-
ingly, when training minimizes the LASSO objective,
the learnable weight matrix B is not expected to sub-
stantially change the solution reached after many un-
folded iterations. The slower CV convergence at the
lower Helmholtz number is consistent with the entry-
wise split of a single vectorized sample CSM, which
separates correlated entries rather than independent
observations. This correlation is expected to increase
at lower Helmholtz numbers and may contribute to
the slower CV convergence.

4.3. Generalization under Propagation Model
Mismatch

This experiment evaluates Ada-NA-SLFISTA under
propagation model mismatch. Sample CSMs are gen-
erated as in Sec. 4.1, but the propagation matrix is
assembled from measured transfer functions of the
MIRACLE-A1 dataset [14]. Source positions are sam-
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MSE LASSO (0.5 max) LASSO (0.1 max) CV BIC

Figure 2: Validation NMSE in decibels during training
of NA-SLFISTA and Ada-NA-SLFISTA under the matched
synthetic propagation model.

pled from measured source positions within the focus-
grid extent. These source positions lie at z ≈ 0.74 m
and generally do not coincide with the 16 × 16 focus
grid at z = 0.75 m. The training data differs by ob-
jective. Training with unsupervised objectives uses
sample CSMs generated from measured transfer func-
tions, because CV, LASSO, and BIC do not require grid-
aligned ground-truth source maps. In contrast, super-
vised MSE training requires ground-truth source maps
and is therefore performed on synthetic data whose
source grid is identical to the focus grid, with propaga-
tion model perturbations. For these synthetic sample
problems, the sound speed is drawn independently
from U(340.5, 345.5) m/s. The microphone x- and
y-coordinates are perturbed independently by zero-
mean Gaussian noise with standard deviation 0.001 m.
All trained variants are evaluated on the same test
set of sample CSMs generated from measured transfer
functions. During reconstruction, all variants use the
analytic free-field propagation model from Sec. 4.2
with c0 = 343 m/s. The training setup and final test
evaluation are otherwise the same as in Sec. 4.2.
4.3.1. Results and Discussion
Fig. 3 compares the training objectives on the test
set in terms of three sourcemap reconstruction qual-
ity measures [15]. Circular source sectors are cen-
tered at the nominal source positions with a ra-
dius of 1.5× the focus-grid increment. For each
sector, ∆Lp,e,s measures the difference between the
target source strength and the reconstructed source
strength within that sector. ∆Lp,e,i compares the re-
constructed source strength assigned to all sectors
with the total reconstructed source strength in the
full source map. Negative values therefore indicate
spurious contributions outside the sectors. ∆Lp,e,o
measures over- or underestimation of the total recon-
structed source strength.
∆Lp,e,s first assesses whether Ada-NA-SLFISTA trained

20 10 0 10
Lp, e, s / dB

MSE
LASSO (0.5 max)
LASSO (0.1 max)

CV
BIC

He = 16

20 10 0 10
Lp, e, s / dB

He = 8

4 2 0
Lp, e, i / dB

MSE
LASSO (0.5 max)
LASSO (0.1 max)

CV
BIC

4 2 0
Lp, e, i / dB

5 0
Lp, e, o / dB

MSE
LASSO (0.5 max)
LASSO (0.1 max)

CV
BIC

5 0
Lp, e, o / dB

MSE
LASSO (0.5 max)

LASSO (0.1 max)
CV

BIC

Figure 3: Boxplots of sourcemap reconstruction qual-
ity measures for Ada-NA-SLFISTA on the measured-transfer
test set. Boxes indicate the interquartile range and me-
dian; whiskers follow the Tukey convention of 1.5 in-
terquartile ranges, and outliers are omitted.

with supervised MSE on synthetic propagation-model
perturbations can recover source strengths on the test
set generated from measured transfer functions. Su-
pervised MSE training reaches median ∆Lp,e,s values
of about −1.2 dB at He = 16 and −0.5 dB at He = 8,
similar to CV and BIC. In contrast, LASSO underesti-
mates source levels, especially for λ = 0.5λmax, consis-
tent with stronger ℓ1 shrinkage. However, ∆Lp,e,i and
∆Lp,e,o reveal a limitation of supervised MSE train-
ing that is not visible from ∆Lp,e,s alone. Supervised
MSE training yields median ∆Lp,e,i values of about
−2.1 dB at He = 16 and −0.7 dB at He = 8. The
positive median ∆Lp,e,o values for supervised MSE
training indicate overestimation of the total recon-
structed source strength. In contrast, the mostly neg-
ative ∆Lp,e,o values for the unsupervised objectives
indicate underestimation, consistent with stronger
shrinkage or suppression of off-sector contributions.
The source maps in Fig. 4 illustrate the same trends.
Ada-NA-SLFISTA trained with supervised MSE recovers
the strongest source but shows incorrect source contri-
butions outside the sectors, consistent with its nega-
tive ∆Lp,e,i. The source maps produced after training
with unsupervised objectives are sparser, and the BIC-
trained variant has ∆Lp,e,s and ∆Lp,e,i values closest
to zero among the shown objectives in this example.
The remaining spurious sources likely result from the
mismatch between the propagation matrix used to
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Figure 4: Example source maps obtained with
Ada-NA-SLFISTA at He = 16 using sample CSMs generated
from measured transfer functions. The LASSO result uses
λ = 0.1λmax. Crosses mark measured source positions
and circles mark the integration sectors.

generate the test CSMs and the analytic propagation
matrix used for reconstruction.

5. Conclusion
Unfolded FISTA algorithms for CMF can be trained
using unsupervised objectives. Because they do not
require ground-truth source maps, these objectives
could allow unfolded FISTA algorithms to be trained
directly on measured array data instead of relying
only on supervised training with synthetic data. CV
and BIC avoided the regularization-parameter choice
required by the LASSO objective, achieved validation
errors comparable to supervised MSE training, and
benefited from a trainable weight matrix. Future
work should investigate unsupervised training with
measured array data under limited data availability,
including unsupervised fine-tuning of unfolded FISTA
algorithms that were initially trained with supervised
objectives.
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