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Abstract

This work investigates sound diffraction around an airfoil
trailing edge, modeled as a half-plane, using a newly
presented Green’s function for infinite and finite diffracting
edges. It is shown that when a point source is on or near the
wing surface, the diffracted field can dominate the total
sound field. An equation to estimate this importance in
advance is provided. The model is then extended to serrated
trailing edges and comparisons are provided against straight
trailing edges. Tests across different receiver planes and
source locations show that serrations can reduce noise for
some receivers but increase it for others, so the best design
depends on the source-receiver configuration. However,
serrations with segment length of  wavelengths and
inclination angle perform reasonably well in most cases. The
greatest noise-reduction benefit appears underneath the
wing, except when the source is exactly at the trailing edge,
in which case the serration does provides marginal benefit or
even marginal disadvantage by increasing the noise field.

Keywords: diffraction, analytical solution, serrated trailing
edge, jet noise shielding

1. Introduction

In aeroacoustic applications, we often study how extended
surfaces affect the radiated sound field. Examples include the
effect of an aircraft wing on engine noise, trailing-edge noise,
and sound generated by a deployed flap and diffracted by the
main wing. Surfaces may participate in noise generation
through interactions with the flow (active surfaces) or
redirect sound through scattering/reflection and diffraction
(passive surfaces). These phenomena have been studied
analytically, ~ numerically, and experimentally, and
considerable effort has gone into reducing noise by replacing
straight trailing edges with serrated ones (see, for example,
Ref. [1]).

In many analytical studies, sound generation and sound
propagation are combined in a single model, often valid
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replacing straight trailing edges with serrated ones (see, for
example, Ref. [1]).

In many analytical studies, sound generation and sound
propagation are combined in a single model, often valid
only in the far field. This makes it difficult to determine
whether discrepancies between predictions and experiments
arise from the source model or from the propagation model.
One class of analytical approaches uses tailored Green’s
functions. Howe[2] developed one of the earliest analytical
models for serrated trailing edges, and later studies suggested
that discrepancies with measurements were likely due to
inaccuracies in the Green’s function. More recently, Lyu[3]
presented a tailored Green’s function, which is nevertheless
restricted to high frequencies.

In the present work, we focus on the propagation problem
and treat the wing as a passive surface. We employ a newly
presented Green’s function[4], valid for all source and
receiver locations, all frequencies, and for both infinite- and
finite-length diffracting edges, to construct diffraction
models for straight and serrated trailing edges. Earlier work
by the authors[5] showed that certain serration profiles can
improve shielding relative to a straight edge, but only for
receivers in the shadow zone and for sources several
wavelengths away from the edge. Here, we consider source
locations more representative of aeroacoustic applications,
including sources near the wing surface and trailing edge, as
well as low and high frequencies. Finally, we examine
receivers on multiple planes around the edge, not just in the
shadow zone.

2. Theory/ Mathematical Formulation

2.1 Diffraction by an infinitely long edge

The present work employes a newly derived Green’s
function solution[4] for the canonical problem of sound
diffraction by a rigid half plane (Fig. 1). The half-plane
represents the wing and its trailing edge in its simplest form.
The sound source is placed at locations representative of
typical aeroacoustics problems (on the surface of the wing,
at the trailing edge, or at the exhaust of an engine close to the
trailing edge). The presence of the wing changes the acoustic
field produced by the sound source. The wing causes sound
(i) to reflect on the wing surface, and (ii) to diffract around
the trailing edge.
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The total acoustic field is composed of diffraction
contributions (£, ) and geometrical acoustics contributions

(Pinc ’ Pre_/) s
P

total

= Pinc + Pre/' + Pdiff > (1)

where P, is the field coming from the source, £, is the field

coming from the image-source, and P, is the diffracted
field.

The geometrical acoustics contribution for a spherical wave
is

e S
=R By = ®, @

wherek =27 f / ¢, is the wavenumber, f is the frequency,
¢, is the speed of sound, R, is the direct distance between
the source and the receiver, and R, is the direct distance

from the image-source to the receiver (see Fig. 1)

..R(Receiver)

IS(Imége source)

Half-plane

Figure 1. Geometry of the half plane diffraction problem; side
view.

The newly presented Green’s function proposes the
following analytical solution for the diffracted field,

By =] P (L(X.))am 3)

L(Y)= \/2rsrR (cosh(4arctanh()/Z ) 71) +L
where L_is the reradiation path from the source to a point z
on the edge and then to the receiver (see Fig. 2), M is given
as

M=M_+M,_+M +M_
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whileY, is a normalized edge length that varies fromO0

(corresponds to the shortest reradiation path,Z) tol
(corresponds to the reradiation path going through the edge
point at infinity).

2.2 Diffraction by a finite-length edge

For diffraction by a finite edge, the solution for an infinitely
long segment is employed [Eq.(4)] but with the diffraction
field given as the sum of two integrals

P

= £+ 1,

1 0 ®)
[1,2 - EJO Pinc (Lz (Yz ))dM

where, ¥} ,(L,,)is the normalized edge length that
corresponds to the end of the segments z, and z, with re-
radiation paths L, and L, , respectively (as shown in Fig. 2).
The + sign in front of/ in Eq.(5) corresponds to the

configuration in Fig. 2a) and the —sign to the configuration
in Fig. 2b).

Figure 2. Diffraction by a finite edge length; a) when the
shortest reradiation path, L , intersects the edge, b)when the
shortest reradiation path, L , does not intersect the edge.

2.3 Diffraction by a serrated edge
The serrated edge geometry is modeled as a sequence of
finite-length teeth (as shown in Fig. 3), where each tooth
consists of two segments with length L expressed as a
multiple of the wavelength A , and inclination angle « . Each
segment is treated as a finite diffracting edge and a local
cartesian coordinate system aligned with the segment is
employed.
For a serrated edge composed of AV teeth, the total diffracted
field is written as the superposition of the diffracted
contributions from all finite segments,

N 2

By =33 ©

m=1 s=1
where m denotes the tooth index ands denotes either the
upper (s = 1) or the lower segment (s = 2) of each tooth. For

each segment, the source and receiver coordinates in the
global cartesian coordinate system ((x;,Vs,2s)and
(xz,Yz-2z), respectively) are first translated to a local
cartesian system at the segment midpoint (x,,, y,,,2,, )"
(Xgs 5525) = (X5, V5 25) = (X, Vag s 20) ™,
(Xe> VisZp)' = (Xgs> VisZp) = (X5 Vi 2 )

@)

The translated source (x, y5,z;)" and receiver (x;, ¥y, Z;)'
positions are then expressed in a rotated local coordinate
system aligned with the segment. The rotation angle is
¢ = (=1)" a. For each segment, the transformation is

x'=x' cosp+z sing,
z'=—x"sinp+z' cose, 3)

y'=y
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The transformation in Eq. (8) is applied to both the source
and receiver coordinates. The transformed cartesian
coordinates are then converted to cylindrical coordinates, and
the finite-edge diffraction [Eq.(5)] is evaluated. The total
diffracted field is obtained by summing the contribution of
all inclined finite-edge segments.

For the geometrical acoustics contribution, the incident and
reflected fields are added to compute the total acoustic field.
The incident field is included only if the source is visible
through all serration teeth. In other words, if any tooth blocks
the direct source-receiver path, the incident contribution is
not included in the solution. In contrast, the reflected field is
included, if it reaches the receiver through reflection by at
least one tooth. Many repeated teeth are used in the spanwise
direction so that the ends of the serration profile do not affect
the results in the middle of the profile. Higher order
diffraction effects between neighboring segments are
neglected.

straigth edge
position /T

Segment >
middle <
Qe

\gToolh

«a
=

xSource

Figure 3. Serrated edge profile geometry.

3. Diffraction around straight edges

In this section, we investigate the contribution of diffraction
to the total acoustic field in cases where the sound source is
positioned at locations relevant to aeroacoustic problems (i.e.
close to the trailing edge and/or close to the wing surface).
For the numerical evaluation, we consider sound sources of
different frequencies varying from5Hz to 2500Hz ,
different radial distances from the edge, 7, , varying from
0.0001m to0.1m, and different angular locations, 6,
varying from 0" (on the surface of the wing) to180°. For all
combinations of source location and frequency we compute
the acoustic field at receivers located at a circular array
around the edge (see Fig. 1) with the angular location of each
receiver, 8, , varying from0 to 27 . The computations are
repeated for different radial distances of the receivers, 7, ,
varying from 2m to10m .

To quantify the relative contribution of diffraction to the total
acoustic field, the following ratio is evaluated over all

receiver locations &, around the edge of the half-plane:

2
[P ©@0f a0
0

Y

I

0
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P, (0, d6

Values of D close to unity indicate that the acoustic field
is dominated by diffraction effects, whereas smaller
values imply a weak diffraction contribution to the total
sound field.

The numerical investigation revealed that D is influenced
primarily by the normalized radial distance of the source

from the trailing edge, kr , and of the angular location of the
source w.r.t the surface of the wingé, . Figure 4 shows
results for two receiver radiir,. It can be observed that
diffraction becomes a dominant contribution as the source
approaches the edge (kr;, — 0)and as the source moves
closer to the wing surface (6; — 0) . On the other hand, for
kr, > 1 the diffraction contribution decreases substantially,
indicating that diffraction becomes weak when the source is
sufficiently far from the edge.

To better define the transition between diffraction-dominated
and non-diffraction-dominated regions, we provide the
following  fitted curves forD=0.15,D =0.60and
D = 0.85 respectively:

1.3016> —1.2580, +1.066,0<=0, <= 0.4
krg={ —2.6090 +2.5786, +3.054,0.4 <0,<=1.3
-1.5116;" +8.46;> —=15.6976, +10.6,1.3<6, <= 2.65

(10)
0 = =5.01kr, """ +1.26 (11)
0 =-3.319kr, "M +0.57 (12)

These fitted curves provide a practical a priori criterion for
estimating whether diffraction is negligible, important, or
dominant based only on frequency and source position
relative to the wing. Itis noted that all fitted curves show only
minor deviations between different receiver radii.
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Figure 4. Contours of the diffraction contribution parameter D
for different g and kg values. Solid lines correspond to
r, =2m , dashed lines correspond to 7, =10m

4. Performance of Serrated Edges

The question that we address in this section is whether a
serrated edge can reduce the noise field compared to a
straight edge.

4.1 Serrated edge profiles

Multiple serration profiles are investigated by varying the
two geometrical parameters of the serration, i.e. the
normalized segment length L / A and the inclination angle &
. Each serrated profile is compared against the corresponding
straight edge profile that passes through the midpoint of the
serration segments (see Fig. 3).

4.2 Control receiver planes
The receivers are placed on xy and xz planes (see Fig. 5). The

xz receiver planes are planes parallel to the wing surface at
both positive and negative y positions: xz planes with
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positive y positions are on the source side and are denoted as
xz, , while xz planes with negative y positions are denoted
as xz_. The xy receiver planes are perpendicular to the wing
surface at z positions passing through the middle point of a
serration tooth and they are denoted xy,, . Finally, withxz_,,
we denote only the receivers on axz_plane that are
underneath the wing(y, <0andx, > 0). Similarly, with
XY,y WE denote only receivers on axy, plane that are

underneath the wing. In both these cases, the receivers are in
the shadow zone provided by the wing surface.
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Figure 5. Receivers control planes: a)xz, ,xz_andxz_
planes, y =+5b) xp, , x, ., planes, z closest possible to z .

uw

4.3 Measure of performance

The acoustic performance of each serration profile is
compared to the corresponding straight edge profile as
follows:

ASPL(R) = SPLstmight
where SPL

'straight

(R) - SPLserrated(R) 4 (13)
(R)is theSPLat receiver R when the

trailing edge is a straight line and SPL_,, ., (R) is the SPL at

the same receiver when the trailing edge is serrated. Positive
values of ASPL(R) indicate that the trailing edge reduces the

noise field atR (a positive performance), while negative
values indicate an increase in the sound level and thus a
negative performance of the serrated profile.

For each serration profile tested, in other words for each pair
of geometrical parameters (a, L/ 1) , ASPL(R) is computed
for each receiver on a specific receiver control plane. Then,
the arithmetic mean value over all receiver locations on that
receiver control plane, ASPL |, is evaluated. A positive value
of ASPL on the receiver plane indicates a positive
performance of the serrated_profile for the entire control
plane. We associate the ASPL with the geometrical
parameters (a,L / 1) of the serration profile that created it
and we repeat the process for many serration profiles.

For each one of the control receiver planes, a contour of a

and L/ A depicting ASPL is created. The pair ofaand L/ A

that performs the best at each case is determined.

4.4 Location of model sources

We consider the following characteristic source locations: (i)
source away from the trailing edge of the wing and away
from the surface of the wing (the source was placed at
xg =10m, y; =10m which corresponds to approximately
20 wavelengths away from the trailing edge), (i) source
away from the trailing edge but on the surface of the wing
(source was placed at x, =10m , y, = 0.0001m ), (iii) source
at the trailing edge, specifically the source was placed in the

middle of the tooth of a serration. As the corresponding
straight edge passes through the middle of the serration teeth,
the selected source location is placed on the edge of both the
serrated profile and the straight profile, (iv) source placed at
xg =3m , y, =1mto approximate the location of the engine
exhaust. The frequency is set at 500Hz for all cases. Note
that source is placed above the wing in all cases, so receivers
underneath the wing are in the shadow zone.

4.5 Proposed serration profile

In the following, in Fig. 6-Fig.9 we present the overall
performancem of the various profiles (combinations of
aand L/ 1) at the control receiver planes: xz, ,xz_, xz_,,

(all parallel to the wing of the surface) and xy,, , xy,, ,,, (both

perpendicular to the wing) as described in Section 4.2.

5w 15 W
ASPL [dB)

Figure 6. ASPL for differenta and L / A values on the various
control receiver planes. Source away from the trailing edge and
the surface of the wing. Control receiver planes: a) xy, plane b)
xz, plane ¢) xz_plane d) xy,  plane ande) xz_,, plane. The (x)
mark annotates the (a, L/ A) pair for optimum performance at
each control receiver plane.

Figure 7. ASPL for differenta and L / A values on the various
control receiver planes. Source away from the trailing edge and
on the surface of the wing. Control receiver planes as described
in Fig. 6.
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Figure 8. ASPL for differenta and L / A values on the various
control receiver planes. Source on the trailing edge. Control
receiver planes as described in Fig. 6.

Figure 9. ASPL for differenta and L / A values on the various
control receiver planes. Source is located at the exhaust of an
engine. Control receiver planes as described in Fig. 6.

The following observations can be made:

(1) There is not a single serration design that is optimum for
all model source locations and all receiver planes. A serration
profile that on average offers increased noise protection at a
certain receiver plane does not necessarily offer noise
protection at another receiver plane. Similarly, a serration
profile that offers increased protection for one source
location does not offer the same protection for all source
locations. The proposed edge profile has been chosen so that
it works well in most cases.

(i1) The shielding effect of the serrated profile is pronounced
for receivers located underneath the wing (compare the
subplots in the lower row of Fig.6 - Fig.9 compared to the
subplots in the upper row)

(iii) Many serration profile designs offer increased noise
protection when the source is away from the trailing edge and
either on the surface of the wing (see Fig. 7) or away from
the surface (see Fig. 6). Less serration profiles offer increased
noise protection when the source is at the exhaust of the
engine.

(iv) When the source is at the trailing edge, there is a limited
number of serration design profiles that offer increased noise
protection compared to the straight edge. And even such
profiles have limited shielding effect (see Fig. 8).

The serration profile proposed in the present work is one with
inclination angle @ = 75° and segment length L =1.51 .

4.6 Performance of proposed serration profile

The serration profile proposed in the present work is not a
profile that works for all source and receiver locations. It is
simply the one that works reasonably well in most cases. In
the following, we showcase its performance for the four
characteristic source locations. The following can be
observed:

(1) At receiver locations underneath the wing (see areas
within the red frames in Fig. 10 — Fig. 13), the serration
increases the shielding effect compared to the straight edge
in all cases, except when the source is located exactly on the
edge (Fig. 12). Also, when the source is located at the
exhaust of the engine, the serration increases (instead of
decreasing) the noise field close to the edge underneath the
wing(see Fig. 13). Finally, when the source is located on the
trailing edge (see Fig. 12), the serration increases the noise
field in many locations underneath the wing. For noise
mechanism where the source is modeled to be close to the
edge, the serration does not offer a clear advantage.

(ii) In the illuminated receiver areas (outside the red frames),
interference patterns with scales similar to the segment
length can be observed. This indicates that serrated and
straight trailing edge profiles interchange which one
performs better (see Fig. 10, 11 and 13).

(iif) When the source is located on the trailing edge, receiver
locations that may benefit by the serration profile, benefit
much less than in cases where the source is not located on the

edge.
1
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Figure 10. Performance of the proposed serration proﬁle
(ASPL) and sign of (ASPL) for source located away from the
trailing edge and away from the wing surface; Control receiver
planes: a.1) and a.2): xz_plane, b.1) and b.2): xz, plane, c.1)

and c.2): xy,, plane.
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Figure 11. Performance of the proposed serration profile
(ASPL) and sign of (ASPL) for source located on the surface of
the wing away from the trailing edge; receiver planes as
described in Fig. 10.
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Figure 12. Performance of the proposed serration profile
(ASPL) and sign of (ASPL) for source located on the trailing
edge; receiver planes as described in Fig. 10.
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Figure 13. Performance of the proposed serration profile
(ASPL) and sign of (ASPL) for source located at the exhaust of
an engine; receiver planes as described in Fig. 10.

5. Conclusions

The present work investigated sound diffraction by straight
and serrated trailing edges using a newly presented Green’s
function for infinite and finite-length diffracting edges,
which is valid for all source and receiver locations and all
frequencies.

For the straight-edge case it was found that diffraction
dominates the total acoustic field when the source is close to
the edge (measured in wavelengths) and close to the wing
surface. An equation that provides an a-priori estimate of the
diffraction contribution to the total field has been provided.
The contribution of serrated edges was obtained by
decomposing the serrated profile into multiple inclined
finite-length edge segments and adding their individual
diffracted contributions. Various serration profiles have been
tested for four characteristic source locations and at several
control receiver planes. The results demonstrated that
serrated trailing edges do not produce uniform attenuation
over all receiver positions and for all source locations. A
serration profile was proposed that seems to reduce the sound
field compared to a traditional straight edge in most cases.
The proposed serration profile is one with inclination angle
a =75° and segment length L =1.51 .

In general, it was shown that for a source located above the
wing the proposed serration profile outperforms the straight
edge profile at receivers located underneath the wing, except
when the source is located exactly on the trailing edge. In the
illuminated regions the serrated profile can either increase or
decrease the noise field compared to the straight edge.
Mitigation of noise mechanisms where the source is modeled
as being located on the trailing edge cannot be achieved via
serration profiles. Any mitigation observed in related studies
of trailing edge noise should be attributed to mechanisms
other than diffraction by a serrated edge.
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