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Abstract

Not all reflections in measured Ambisonic room
impulse responses (ARIRs) arrive in distinct time
intervals. In principle, compact spherical microphone
arrays recording higher-order Ambisonics enable de-
composing directions of coincident reflections. How-
ever, existing approaches for decomposing and up-
mixing higher-order ARIRs resolve fewer coincident
directions than the theoretical (N + 1)? components
contained in an order-N ARIR. Moreover, decompo-
sition becomes ill-conditioned whenever directions are
not well-separated. This contribution employs the
Ambisonic Multi-Direction Decomposition Method
(AMDDM) to address these limitations in higher-
order ARIR decomposition: (N + 1)? well-separated
directional signals are extracted by adaptively rotat-
ing a fixed maximum-determinant grid. Two loss
functions defining an optimal rotation are compared
to find the one most applicable to ARIR analysis. In
a numerical study with simulated ARIRs containing
multiple reflections coinciding within a single time
frame, we compare AMDDM with two other, estab-
lished state-of-the-art methods. In the tested condi-
tions, the rigid directional grid optimally rotated
using a sparsity loss function outperformed the state-
of-the-art methods.

Keywords: Room Impulse Response, Reflection Analysis,
Higher-Order Microphone Arrays

1. Introduction

The directional characteristics of a real acoustic space
can be captured with an Ambisonic room impulse
response (ARIR). Convolution of that ARIR with an
arbitrary source signal is the basis for rendering vir-
tual acoustic scenes in augmented- and virtual-reality
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applications. The underlying Ambisonics format [1]
allows for playback and rotation of these scenes on
any loudspeaker or headphone setup.

Tetrahedral microphone arrays are a popular candi-
date for recording ARIRs but can only record first-
order Ambisonics with limited directional resolution.
Therefore, a variety of methods aim to enhance direc-
tional resolution by estimating spatial parameters and
re-encoding the low-order ARIR into higher orders [2],
[3], [4], [5], [6]. These methods rely on the detection
of a single direction of arrival (DoA) per time-frame.
Higher-order compact spherical microphone arrays
(CSMAs) [7] can resolve multiple simultaneous reflec-
tions and detect their DoAs. Methods have been
proposed to analyze the higher-order signals they
capture [8], [9]. Higher-order spatial impulse response
rendering (HO-SIRR) [8] first segregates the sound
field into individual sectors, then estimates a DoA and
diffuseness for every sector signal.

Another method, Reproduction and Parametrization
of Array Impulse Responses (REPAIR) [9], first de-
termines the number of active sources via subspace
analysis. The active source subspace is decomposed
into simultaneous DoAs and signals, and the residual
subspace is processed as a diffuse field.

Neither method has addressed that CSMAs do not
reach a uniform directional resolution across fre-
quency.

Recently, the Ambisonic Multi-Direction Decomposi-
tion Method (AMDDM) [10] has been proposed for
upmixing Ambisonic signals of input order N to a
higher target order N.

AMDDM operates by extracting signals from direc-
tions defined by a rotated grid of well-separated
directions. It then re-encodes these directional signals
at the rotated directions into the higher target order.
At the optimal rotation, a cross-covariance based loss
function reaches its minimum and promotes uncorre-
lated directional signals. It is unclear whether this loss
function applies well to ARIR analysis.

After discussing the frequency-dependent resolution
of CSMAs in Section 2 and briefly revisiting the
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AMDDM method in Section 3, this paper introduces
an alternative, sparsity-based loss function suited to
ARIR analysis. In a simulation study in Section 4,
AMDDM is compared with HO-SIRR and REPAIR.
For all methods, CSMA signals are processed consid-
ering the achievable directional resolution in every
frequency band. Section 5 identifies the better-suited
loss function and quantifies the spatial accuracy of
all three methods on simulated single-frame scenarios
and on a full room ARIR, and Section 6 discusses
where a fixed, rotated grid gains over a parametric di-
rectional/diffuse split and where it reaches its limits.

2. CSMA order is frequency-dependent

CSMAs capture sounds from all directions using M
microphones mounted on positions a 8, on a rigid
sphere of radius a. The microphone signals p corre-
spond to sound pressure and relate to the spherical
harmonic (SH) coefficients ¥

p= YN‘I’ (1)
where YN contains the sampled SHs at the micro-
phone directions 6;. Minimizing |p — Yy ¥|? yields
the encoding matrix to obtain the coefficients

o~ —1 A
¥ = (YyYy) Yyp 2)
The model equation relates each component ¥, . in

the vector ¥ to a corresponding Ambisonic signal via
radial filters p,,(w) [1, p. 139]

(£a)h,?) (%a)
X = BT Um (3)
Pr(w)

with imaginary unit i = v/—1, wave number % = @
with the frequency f and speed of sound ¢, and the
derivative of the spherical Hankel function of the
second kind A/ [11, Eq. 10.47.6]. According to Eq.
(3), the so-called radial filters that equalize high-order
coeflicients require strong gain boosts at low frequen-
cies. Therefore, radial filters need to be regularized,
which can be implemented by cutting on higher orders
at certain frequencies [12].

We implement the regularized Eq. (3) as a linear-
phase crossover filterbank of N 4+ 1 bands. Each of
the bands b =0, ..., N carries only the orders n <b.
The crossover frequencies enabling the order n were
adapted empirically from the rule in [13, Eq. (13)],
such that the maximum gain of any radial filter stays
within +1.5 dB of a maximum boost g,,,,, for n > 0,

)%a’n = (27’L - 1)/2 ' n\/ 2/gmax‘ (4)
Figure 1 shows the 0 <n <6, g,.. = 20, encoding
filters for a CSMA of a = 4.2 cm, cut on by (n + 1)
order Butterworth high-pass filters at f, ~ 130 Hz,
900 Hz, 2kHz, 3.2kHz, 4.4 kHz, 5.5 kHz, for n > 0.
The directional resolution of a CSMA recording is
hence inherently band-limited: within band b, the
ARIR is an Ambisonic signal of order b rather than
the maximum-achievable order N. Instead of analyz-
ing the broadband signal, every band b is processed
at its native order, upmixed to the target order NV,
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before summing the upmixed bands. As the omnidi-
rectional band b = 0 permits no direction analysis, it
is folded into band 1 by summing the radial filters
of both bands. In the evaluation, HO-SIRR and RE-
PAIR receive the same per-band inputs, to permit a
meaningful comparison.

3. AMDDM

Instead of estimating a time-varying number of
sources and their corresponding directions, AMDDM
extracts directional signals s(t) using a fixed grid of
well-separated directions (cf. Figure 2)

s(t) = Yy "Ry (01, 02, 03) Xn(t). (5)
The extraction matrix Yy © inverts the real spherical
harmonics (SHs) sampled at maximum determinant
(MD) grid [14] points, transposed. The number of
grid points matches the number of SH signals, thus
the MD optimization guarantees a directly invertible,
well-conditioned Yy. The Ambisonic signals X () are
rotated by an N-th order Wigner-D rotation matrix
Ry around the Euler angles g4, 05, 05. AMDDM orig-
inally evaluated the SHs at MD grid points rotated by
a 3 x 3 Cartesian rotation matrix and approximated
the (higher-order) derivatives required for finding the
optimal rotation numerically. Defining the rotation as
a recombination of the SH signals by the N-th order
Wigner-D rotation matrix Ry not only is computa-
tionally more efficient, but further allows for analytic
differentiation, as one improvement introduced here.
The recursion of Ivanic and Ruedenberg [15] assem-
bles R, order by order from the 3 x 3 rotation matrix
R, as detailed in Section 3.1.

3.1. Optimal Rotation (Off-diagonal loss)
AMDDM considers the directional signal covariance
matrix to define optimal rotation by gy, 04,05, at-
tempting to find uncorrelated or independent signals
s. The expectation is estimated as an average over
short time frames, so one optimal rotation is found
per frame. Given Eq. (5) and omitting gy, 04, 05 for
brevity, the directional-signal covariance matrix is

C, = E{ss"} = Yy RyE{Xy X} R\ Yy!
R S )

Magnitude, dB

G $ G G $ $b $\
SIS

Frequency

Figure 1: Radial filters of the order-6 CSMA encoding
filterbank (a = 4.2 cm, g,,, = 20 dB maximum gain), from
n =0 (black) to n =6 (light).
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Non-vanishing off-diagonal entries in this matrix
indicate correlation between the directional signals
extracted. A loss function enforcing independent sig-
nals must therefore penalize off-diagonal entries

[’COV(CS) = ”Cs —I0 Cs”%ro <7>

where | - ||p,, denotes the Frobenius matrix norm and
element-wise (Hadamard) multiplication of C, with
the identity matrix I removes the main diagonal.
Optimal rotation parameters @ = (04, 04, 93)T mini-
mize the loss

argmin ‘CCOV (Cs ) (8)

e

and can be found iteratively using Newton’s method
0 < o — nH'g with the step size p, the 3 x 1 gra-
dient g and the 3 x 3 Hessian H defined as

g—[i]ﬁ andH—[ i ] L, (9)
8Qk: k ’ anan Kl 7

with partial derivatives with regard to the k! or
I™ rotation parameter in g, and indexed square
brackets denoting an operator shaping single- or
double-indexed terms such as our differentials into
either a vector [a;], =@ or matrix [ay] 6 = A,
respectively. Before inversion, the Hessian is reg-
ularized as H < H + A with X = 1073, which
keeps the step well-defined wherever H becomes
near-singular. Each iteration picks the p with
the smallest loss from the discrete line-search set
u € 40,+0.01,+0.1,4£0.3, +£1, 43,410} instead of a
single Newton step. This avoids too short, too long,
or reverse steps whenever the implied quadratically
approximated stationary point is insufficient or indi-
cates a maximum instead of a minimum.

In C, Eq. (6), only the SH rotation matrix Ry
depends on the rotation parameters. According to
[15], it can be evaluated recursively based on the 3 x 3
rotation matrix for the Euler angles g;, 05, 03,

R(01,00,03) = RZ(Ql)RY(Qz)RZ(Q3) (10)
constructed from the rotation matrices

DEC UPMIX ENC
Xg 1 Xg
Xi! S X >
X7 3 X?
XY sl X
—T T T —>
Yy Ry(o) Ry (0)Yy
0=1(01,00,05)" o
: ‘
OPT
L ] L ]
N N

Figure 2: The Ambisonic Multi-Direction Decomposition
Method (AMDDM) decomposes the input onto an opti-
mally rotated maximum-determinant grid. A loss function
L evaluated on the extracted signals steers the rotation and
the signals are re-encoded into the target order N at the
rotated grid directions.
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cos 0 sin 1 0 0
R, = 0 1 0|, Ry=|0cos —sin|.
—sin 0 cos 0 sin cos

(11)
Each entry of Ry is a weighted sum of products of
one entry of R and one entry of Ry_; [15, Table 2],
so the recursion is differentiable in closed form. The
gradient and Hessian of L, are therefore available
analytically: the derivatives of Ry propagate through
the covariance Eq. (6) and the loss Eq. (7) by the
chain and product rules. The individual elementary
steps are given in Appendix A.

3.2. Kurtosis Loss

Le,, penalizes correlation between the extracted sig-
nals. In an ARIR, however, coincident reflections are
delayed and attenuated copies of the direct sound
and might be correlated whenever their delay differ-
ence is small compared to the analysis window. We
instead propose promoting the joint spatio-temporal
sparsity of the extracted frame. Collecting the T
frame samples in S = [s(t,), ..., s(ty)], cf. Cy x SST,
the negative-kurtosis loss

S XS IS,
2)? Sl
(Zi,t S it) fro

is minimized when the frame energy concentrates in
few direction-time cells, i.e. when only a few grid
directions carry pronounced signals with pronounced
temporal peaks. The loss is smooth, scale-invariant,
and indifferent to correlation between the extracted
signals. As a smooth rational function of the ex-
tracted samples, it inherits its dependence on g solely
through R, so the very same differentiated recursion
serves both criteria and the rotation search proceeds
unchanged. Its gradient and Hessian are derived in
Appendix B.

All analytic derivatives were verified against auto-
matic differentiation. Further sparsity criteria based
on per-direction crest factors were investigated as
well, but performed consistently worse and are not
considered further.

‘CKurt(S) J

3.3. Upmix Synthesis

Given the optimal rotation of a single frame, the ex-
tracted signals are re-encoded into the target order as
plane waves arriving from the rotated grid directions,

Xy(t) = Ry Yy s(t), (13)

where Y}y contains the order-N SHs at the unrotated
MD grid and R is the order-V rotation matrix of the
optimal g, whose top-left block is Ry. This formula-
tion avoids inverting a rotated SH matrix and stays
well-conditioned for any rotation. The overlap-added
frames of all bands sum to the upmixed ARIR.
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4. Simulation Study

All experiments simulate an Eigenmike em64 [16]
with M = 64 capsules on a rigid sphere of radius
a = 4.2 cm. The capsule signals are encoded into an
order N = 6 ARIR using the filterbank of Section 2
with a maximum gain g,,, = 20 dB and linear-phase
filters of 1024 taps, and every method upmixes
this common input to the target order N =7, i.e.
(1\7 + 1)? = 64 channels. Every output is compared to
the ideal order-7 plane wave encoding of the same
sound field, free of scattering and aliasing. All signals
are sampled at 48 kHz, and all comparisons are re-
stricted to below the aliasing frequency f,;. ~ 8 kHz.

lias
4.1. Simulated Array Signals
Sound fields are synthesized as plane waves in the
SH domain at order N, = 30. The coefficients pass
through the rigid-sphere transfer function, i.e. the
inverse of Eq. (3), and are sampled at the capsule
directions.
A full room ARIR is simulated with a hybrid model
[17] of a shoebox room (8 X6 x5 m, Ty, =0.5
s, source-array distance 4.5 m): the image source
method [18] up to order 10 provides the direct sound
and early reflections as discrete plane waves, and the
late part is an isotropic diffuse field synthesized with
one plane wave of random direction per sample whose
energy envelope follows a stochastic ray-tracing simu-
lation of the same room. Both parts are joined by an
equal-power crossfade at 100 ms.
Additionally, three single-frame scenarios with known
DoAs are simulated to isolate directional questions:

1) Single source

2) Two sources 40° apart

3) 12 arrivals from random directions with levels

within 9 dB and individual delays below 1 ms
and at least 12° apart from each other.

4.2. Compared methods

HO-SIRR and REPAIR are run in their reference
implementations' for CSMAs at their native analysis
resolutions, per band as described in Section 2. Both
render to a loudspeaker layout, here a spherical ¢
-design of degree 14 (114 directions) that is dense
enough to carry an order-7 field. REPAIR estimates
its DoAs with MUSIC on a t—60 design directional
grid. AMDDM processes Hann-windowed frames of
50 samples with 50% overlap per band.

4.3. Metrics

The main figure of merit is the spatial correlation
coefficient

) 5 jer X X(f) »
V& Xl HP) (12 (DI)

which correlates the vectors X (f) of SH-channel spec-
tra of method and reference over all DFT frequencies
F below f,j.s- Its magnitude reaches |c¢| =1 if and

'"HO-SIRR: https://github.com/leomccormack /HO-SIRR
REPAIR: https://github.com/leomccormack/REPAIR
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Table 1: Spatial correlation coefficient |c| of the AMDDM
output per loss criterion, for the simulated room ARIR and
the three single-frame scenarios of Section 4 (best per row
in bold).

Case Low  Lrum
Simulated ARIR 0.813 0.833
Single source 0.994 0.995
Two sources 0.902 0.931
Twelve random sources 0.663 0.687

only if the two ARIRs agree up to a single global
complex factor, so |c| is insensitive to an overall gain
but penalizes any deviation in the directional compo-
sition.

5. Results

5.1. Loss Criteria

Table 1 compares the off-diagonal covariance loss
with the proposed kurtosis loss, evaluated in terms
of the magnitude of the spatial correlation coefficient
Eq. (14) for the AMDDM output. For the multi-
source scenarios, the two simultaneous sources and
the twelve source scene, the kurtosis loss outperforms
the off-diagonal loss. This supports the reasoning pre-
sented in Section 3.2, and the kurtosis loss is therefore
adopted for all subsequent results.

5.2. Single-frame Scenarios

Figure 3 depicts broadband directional energy maps
of the three scenarios, rendered by a max-rg-weighted
plane-wave decomposition of each order-7 output for
visualization with reduced sidelobes.

The single source is localized correctly by all methods.
AMDDM reproduces the ideal field almost exactly
(le] = 0.99), while HO-SIRR and REPAIR render
a visibly broader spot (|¢| =0.93 and 0.86 respec-
tively). The two sources 40° apart are resolved by all
methods, with AMDDM staying closest to the ideal
field (|c|] =0.95 vs. 0.90 and 0.91). The 12-source
scene degrades every method: HO-SIRR and REPAIR
blur most arrivals into a broad energy distribution
(Je| = 0.49 and 0.60), whereas AMDDM still repro-
duces the strongest arrivals distinctly (|c| = 0.72).

5.3. Full ARIR

For the simulated room ARIR, Figure 4 resolves the
spatial correlation coefficient over frequency. Above
300 Hz, AMDDM clearly exceeds both reference
methods and reaches |c(f)|~ 0.95 around 4 kHz.
Towards lower frequencies, all methods drop to the
modest coherence the low-order bands afford. Below
700 Hz, REPAIR performs somewhat better than
HO-SIRR, while above that both reference methods
achieve an almost identical spatial correlation value.
It should be stressed, however, that | ¢ | measures
wavefront reconstruction and not perceptual quality.
The parametric diffuse streams are decorrelated by
design and thus score low in it.
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HO-SIRR

Ideal field

REPAIR AMDDM

¢=0.99

Figure 3: Comparison of HO-SIRR, REPAIR, and AMDDM to the ideal order-7 reference for different numbers of sources.
First row: single source. Second row: two sources 40° apart. Third row: 12 random sources.

6. Conclusion

This paper adapted the Ambisonic Multi-Direction
Decomposition Method to the analysis and upmixing
of ARIRs recorded with compact spherical micro-
phone arrays. Three ingredients were introduced: an
SH-domain Wigner-D formulation of the rotation
search with analytic gradients and Hessians, a kurto-
sis loss that favors joint spatio-temporal sparsity over
decorrelation of coincident, mutually correlated re-
flections, and band-wise processing at the frequency-
dependent native order of the array, applied uniformly
to all compared methods. In a simulation study with
an FEigenmike em64, AMDDM matched or outper-
formed per-band HO-SIRR and REPAIR. Its clearest
advantage lies in the fidelity of the reconstructed
wavefronts and in resolving coincident reflections, up
to the point where the number of arrivals exceeds
what a single rotated grid can represent. The consis-
tent advantage of AMDDM stems from its structure:
It is a linear, signal-preserving operation without
a parametric split into a directional and a diffuse
stream.

Perceptual validation and measured ARIRs of real
rooms remain future work.

=== HO-SIRR REPAIR === ANMDDM
1.0
=05 -
\_’__’/\//W
0 . 0 T T T T T T
Q{b *2\(\) Q\(\) \2& Q@ Q{b 8@

Frequency
Figure 4: Spatial correlation coefficient |c| over frequency

for the three methods HO-SIRR, REPAIR, and AMDDM
with third-octave band smoothing.
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A. Derivatives of the Off-Diagonal Co-
variance Loss

Applying the product rule to rotation recurrence rela-
tions of [15] yields the partial derivatives Ry /0oy,
and 0?Ry/(00,00;) depending on the corresponding
derivatives of Ry _;, terminating in the closed-form
derivatives of the 3 x 3 rotation matrix R.

Written entry-wise in the elements C;; of Cg, the
loss Eq. (7) and its entry derivatives are, with the
Kronecker delta 4, ;,

£COV = E ( 6 ) CfV
! (15)
a‘CCOV _ o

17
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so that the chain rule accumulates the contributions
of all entries into the scalar derivatives

8£Cov 8£Cov 8q3
Z aC;; ng _2.2 %) Cij oy

1]

(6‘0 0C;; o 9?C;; )
Doy, a@z Y 00,00, )

(16)
Ounly Ry in Eq. (6) depends on g, hence the entry

derivatives required above are collected by the matri-
ces, using the symmetry of Cy,

a ECOV _22

004,00,

ac’ij T .
{8Qk]AA:M’€+Mk7 with
’ (17)
M, =Yy" ORy CxRyYy',
Doy,
and, by the product rule applied once more,
{aij ] = N, + N},  with
boder ], M T )
2 T

B. Derivatives of the Kurtosis Loss

The kurtosis loss Eq. (12) is differentiated in
the same manner. Again only Ry depends
on o, so the extracted frame differentiates as
08/00;, = Yy (ORx/00;) X, where X collects the
frame of Ambisonic signals, and analogously for the
second derivative.

With the elementwise sums A= thSft and

B = Z Sm the loss is Ly, = —A/B2%. The build-
ing blocks are
0A 8S.
— =4 SS zt7 -2
8Qk ; it 8Qk 8Qk ;
9%A 0S., 0S,; 825.
=12 Sz2 it it Z3 1t ,
deday Z " Doy, 391 " 00,00,

0’B 0S;, 0S;,
— =2 el Rt 11 i 19
8Qk89l Zzt 6Qk 3Ql Z t 6 8Ql ( )

i,t

and the quotient rule on —A/B? gives

0B 94
aEKurt _ 0o, Ooy
0oy, B3 B2’
924 (BA 9B 0A BB)
2 oA OB | 04 0B
O Ligure _ _ Oowda 90x 01 Ooi O0k
3Qkagl B2 B3
24 _9°B 0B OB
Oerdor B0, 90, (20)
B3 B4 '
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