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Abstract

Plane-wave-based sound field estimation commonly
relies on discretising the plane-wave domain into a
finite set of propagation directions, which can lead
to high-dimensional models and unfavourable condi-
tioning in sparse inverse problems. In this work, we
investigate continuous directional latent models by
parameterising the plane-wave distribution on the
unit sphere with compact mixtures. We consider two
component families within the same framework: von
Mises—Fisher (vMF) components, which provide an
intrinsic isotropic model on the sphere, and tangent-
space Gaussian (TG) components, which provide ex-
plicit covariance control and analytically convenient
local approximations. Inserting these models into the
Herglotz plane-wave representation yields compact
sound-field models whose atoms are tied to continuous
directional distributions rather than to a fixed propa-
gation grid. The unknown amplitudes and directional
parameters are estimated from sparse pressure mea-
surements using a variable-projection style procedure:
amplitudes are refit by ridge least squares for fixed di-
rectional parameters, while directions and spreads or
covariances are optimised iteratively. The comparison
is motivated by the trade-off between intrinsic spher-
ical fidelity for vMF mixtures and local anisotropic
flexibility for T'G. Numerical experiments in simu-
lated room-acoustic fields compare reconstruction
accuracy and parameter efficiency against ridge and
sparse fixed-grid plane-wave estimation. The results
show improved reconstruction at matched intrinsic
parameter counts in several settings for both meth-
ods, with vMF mixtures giving the most consistent
high-frequency gains, at the cost of iterative nonlinear
fitting.
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1. Introduction

Sound-field estimation in source-free regions is com-
monly approached by expanding the pressure field in
functions that satisfy the Helmholtz equation [1], such
as spherical harmonics (SHs) [2], equivalent sources
[3], or plane waves [4]. SH methods provide a contin-
uous-region representation but are tied to truncation
order and array geometry, while equivalent-source
and Helmholtz-equation least-squares (LS) formula-
tions represent the field through physically motivated
basis functions and regularized inverse problems.
Fixed-grid plane-wave decomposition (PWD) is par-
ticularly attractive because it leads to a linear coeffi-
cient-estimation problem, but it requires discretizing
the sphere of propagation directions. This discretiza-
tion can introduce basis mismatch, whereas very
dense grids increase dictionary coherence and compu-
tational cost.

Sparse reconstruction and compressive-sensing meth-
ods [5], [6] address the limited-measurement setting
by exploiting sparsity in a chosen spatial basis, but
their performance depends strongly on basis construc-
tion and regularization. Recent work has therefore
explored spatial bases tailored to source geometry,
sparse Bayesian formulations, and adaptive direction
refinement to reduce plane-wave basis mismatch. Our
approach follows the same motivation of improving
parameter efficiency, but instead of selecting or refin-
ing individual fixed-grid directions, it parameterizes
the continuous plane-wave distribution by a small
number of adaptive directional mixture components.
A complementary line of work uses kernel [4],
Gaussian-process [7], or neural models with physical
constraints [8]. Helmholtz-constrained kernel ridge
regression and Gaussian-process sound-field recon-
struction avoid generic interpolation kernels by using
function spaces compatible with acoustic wave propa-
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gation, while recent physics-informed neural networks
impose wave or Helmholtz constraints through train-
ing objectives or boundary-integral formulations.
In contrast, the present method remains explicitly
parametric: each atom is generated by inserting a
directional distribution into the plane-wave represen-
tation, so the reconstructed field is Helmholtz-com-
patible by construction and the model dimension is
directly controlled by the number of mixture compo-
nents.

In this work, we replace the fixed directional grid
by a small number of adaptive continuous direc-
tional components. We consider spherically isotropic
von Mises—Fisher (vMF) distributions as an intrinsic
component family, and tangent-space Gaussian (TG)
distributions as a local anisotropic alternative. The
alm is improved reconstruction accuracy at a fixed
intrinsic parameter count. The main contributions
are: (i) the formulation of continuous directional mix-
ture models based on vMF and TG atoms within the
plane-wave representation, (ii) a variable-projection
style estimation procedure for fitting the resulting
nonlinear models, and (iii) an empirical comparison
against ridge and sparse fixed-grid PWD in random-
ized image-source room simulations.

2. Method
Let p: Q CR3 = C be the sound field at k=¥

c?
where  is the source-free region of interest within
a room. Standard plane-wave-based methods solving

the Helmholtz equation
(A+k*)p(x) =0, z€Q, (1)

rely on the discretization of
p(x) = / a(s)e™s ™ ds 2)
S2

with the plane wave distribution a(s), into a finite
number of plane-wave directions,

Q
p(x) ~ Y a,ehex, (3)
n=1

where a,, are the plane wave coefficients and s,, are
the plane wave directions.

Here, we formulate a model that is based on esti-
mation of continuous directional distribution a(s)
approximated by a mixture

N
a(s) = Y anp,(s;8,), (4)
n=1

where «,, are the mixture weights, 0,, are the parame-
ters of the mixture components, and p,, is a directional
atom. The field can then be approximated as

N
p(x) ~ Y a1, (x), (5)
n=1

with

(%) = / pu(5:0,,)¢x ds. (6)
S

2
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Subsequently, we define two comparable types of
atoms describing directional components.

2.1. Von Mises-Fisher Distribution

Let us define the vMF as the intrinsic spherical com-
ponent family on S2. It is defined as

PN (5:6,) = clr,)e" e, s €% (1)

with 8,, = (u,,, k,,), where the normalization constant
is
K

2 Ky > 0. (8)

olkn) = 4msinhk,” " T

By continuity, &, =0 corresponds to the uniform
distribution on S2.
The field atom induced by one vMF component is

W) = e,) [ el as(9)
SZ

Using standard spherical exponential identity, this

evaluates to

w;szF (X) _ Kn sinh Tn (X) , (10)

sinhk, 7,(x)

where

Ta(x) = /B2 — R2Ix? + 2ir, kplx. (1)

Hence the full vMF mixture model becomes
sinh+y,, (x)

K;n
p(x) ~ ; An sinhk, 7,(x)

The vMF function family provides natural canonical
mixture atoms because it is defined intrinsically on S?,
is rotationally symmetric around its mean direction
B, and is controlled by a single concentration para-
meter K, .

(12)

2.2. Tangent-Space Gaussian Distribution
Let the center direction be p,, € S? and let the tan-
gent plane at that direction be denoted as 1, S2. We
define an orthonormal basis of the tangent plane

U, = [un,l, un’Z] € R3%2,
U/U, =L, (13)
U, =0,
where the choice of basis vectors u,, ; and u,, 5 need to
be consistently constructed from p,,. Then let there be

the local tangent coordinates & € R%. Nearby direc-
tions on the sphere can be approximated by

1
Define

Pl(€:8,) = ————e 38 W (15)
2rrdet(X,,)?

where 0,, = (p,,, X,,) are the parameters of the TG

component. This defines a local tangent-space den-

sity, which is mapped approximately to nearby direc-

tions on the sphere through Eq. (14).
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The forward model using the tangent-space coordi-
nates

HIO) ~ [ plO(E;,) ek
) /RZM e

where J, (€) is the Jacobian of the transformation
from tangent coordinates to the sphere. We assume
J,, (&) = 1 for reasonably narrow Gaussians. Using the
approximation Eq. (14), we define the coordinates

20(X) = nx € R,

J,(€) dg, (16)

17
b, (x) := UJXER? (17)
Then we can write
R
2rrdet(3,,)? J/R2

with
q=¢&7 (2! +ikz,(x)L,)€ —ik€ b, (x). (19)
The expression Eq. (18) is a Gaussian integral and can
be solved in closed form. Let
A, (x) =31 +ikz, (x)1, (20)
then the Gaussian integral yields
—57b,,(x)T A, ()b, (x)

YEO(x) v ethen (= ro(21)
det(l, + ikz,(x)X%,,)?
This expression contains the wave e?**»(*)  a beam-

b, (%) A, (x) "', (x)

. k2 ..
like term e~ =2 and a normalization

1
term det (I2 + ikzn(x)En) z
both amplitude and phase.
Unlike the exact intrinsic and isotropic vMF atom,
the TG atom is a local tangent-space approximation
that introduces anisotropic covariance control at the
cost of global spherical fidelity.

The latter modulates

2.3. Parameter Count and Model Complexity
For the comparisons below, we count intrinsic real-
valued parameters. A vMF component has one com-
plex amplitude, one direction on S2, and one concen-
tration parameter. Thus, P,y = 5N, with two real
parameters for the amplitude, two for the direction,
and one for the concentration. A TG component has
one complex amplitude, one direction on S2, and a
symmetric positive definite 2 X 2 covariance matrix
in the tangent plane, giving Prq = TN. A fixed-grid
PWD model with @ fixed directions estimates @
complex coefficients and therefore has Foywp = 2Q).
For sparse PWD, the full optimization variable still
has 2@Q) real parameters, but the active parameter
count 2Q,..ive 1S also reported because the sparsity
regularizer sets many coefficients to zero.

2.4. Relation to Spherical Harmonics

The proposed mixtures can also be interpreted in the
spherical-harmonic domain. If each directional atom
has coefficients S then the mixture distribution
has coefficients

n,l,m»

N
A m = Zanﬂn,l,m' (22)
n=1
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Thus, the model restricts the general plane-wave dis-
tribution to an adaptive low-dimensional nonlinear
manifold. This contrasts with SH truncation, where
the basis functions are fixed and the model order is
controlled by the maximum harmonic degree. In this
sense, the proposed mixture is adaptive in the direc-
tional domain rather than fixed by harmonic order.

2.5. Estimation
Assume that the pressure is observed at positions x,,,,

., M, with
Ym = P(Xp) + T (23)
For ﬁxed nonlinear component parameters © =
{On} the mixture model is linear in the complex
amphtudes We define the atom matrix

g [m,n] = 1, (X5 0,,), (24)

so that the predicted measurement vector is
y = Pga (25)

For fixed nonlinear parameters, the amplitudes are
obtained by ridge LS,

&(®) = argmin |[Tg o — yll; + Ao ex[3.  (26)
This has the closed-form normal-equation solution
&(@) = (W8 Wy + 2,1) ' Wly. (27)

The nonlinear parameters are then updated by mini-
mizing the projected objective

L(©) = |Tea(®) — yl2 + A, [6(®)[3 + R(©) (28)

using automatic differentiation. In the implementa-
tion used here, the LS amplitude update is treated as
a projection step and the subsequent gradient update
is applied to the nonlinear parameters with the pro-
jected amplitudes considered fixed. This follows the
variable-projection principle for separable nonlinear
least-squares problems [9]. For vMF and for the local
TG approximation, the resulting atom expressions
are available in closed form; this allows the atom
matrix and its gradients to be evaluated directly by
automatic differentiation, without numerical quadra-
ture over propagation directions during fitting.

The implemented procedure initializes component
directions and spreads/covariances, fits the ampli-
tudes by ridge LS, evaluates the projected objective,
updates only the nonlinear parameters by Adam,
and refits the amplitudes after the update. This
cycle is repeated for a fixed number of iterations.
Thus, ridge PWD requires one linear LS solve,
sparse PWD is solved iteratively by the fast iterative
shrinkage-thresholding algorithm (FISTA) [10], and
the proposed mixtures require an iterative nonlinear
variable-projection procedure.

3. Experiments

We conduct a numerical simulation study to evaluate
the effectiveness of the proposed continuous mixture
models and compare them to two fixed-grid PWD
baselines.
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3.1. Experimental Setup

We evaluate the models in simulated room-acoustic
fields generated with a randomized image-source
method [11]. Two scenarios are used. The sparse
scenario contains few physical sources and weak late
reverberation, so that the local field is expected
to contain a small number of dominant directional
arrivals. The dense scenario uses more sources and
stronger reverberation, producing a less sparse plane-
wave distribution.

The receiver region is a compact source-free cubical
volume with a side length of 0.7 m centered in
a 6 X 5 x 3 m room. Sparse pressure measurements
are sampled at M = 96 microphone positions, while
reconstruction is evaluated at M, = 2048 separate
positions in the same source-free region. The fre-
quency range is 100-1000 Hz. For all plane-wave
models, the spatial coordinates are centered at the
receiver region.

The sparse scenario places 2 sources and has a rever-
beration time of 0.15 s, while the dense scenario
places 5 sources and a reverberation time of 0.8 s.
The wall reflection coefficient is set from the target
reverberation time using Sabine’s formula, yielding
approximate sparse and dense reverberation settings
[12]. We simulate 20 random realizations for both the
sparse and dense scenario. For each realization, the
measurement and evaluation positions are sampled
uniformly at random within the source-free region,
and the source positions are sampled uniformly at
random outside the measurement region. For each
room realization, each physical source was assigned a
fixed complex source weight. The source magnitude
was sampled independently from a uniform distribu-
tion on [0.5, 1.5], and the phase was sampled indepen-
dently from a uniform distribution on [0, 27). These
weights were kept fixed across the frequency sweep
for that realization. Complex white Gaussian noise
was added to the measured pressures at a signal-to-
noise ratio (SNR) of 20 dB, with independent real and
imaginary parts of equal variance.

3.2. Compared Methods

We compare four model classes. Ridge PWD uses
a fixed set of @ directions and estimates complex
coefficients by one ridge LS solve. Sparse PWD uses
the same fixed directional grid but adds a complex
sparsity penalty and is solved iteratively using FISTA
[10]. The vMF mixture estimates adaptive directions
and isotropic angular concentration. The TG mixture
estimates adaptive directions and local anisotropic
covariance matrices.

The main comparisons are performed at matched
intrinsic real-parameter counts. Thus, the orders N
and @ are chosen such that 5N, 7N, and 2@Q) are com-
parable for vMF, TG, and fixed PWD, respectively.
Sparse PWD is additionally reported as a function
of active parameters where the reported curve is an
oracle envelope over the tested grid sizes and sparsity
penalties: for each realization and parameter count,
the lowest evaluation normalized mean-squared error
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Figure 1: Median NMSE and 25-75 quantile spreads
at the evaluation positions over the frequency range
[100,1000] Hz. Sparse PWD is shown as an oracle over the
tested grid sizes @) and sparsity penalties. The vMF mixture
improves performance mainly at higher frequencies, partic-
ularly in the sparse scenario, while fixed-grid PWD remains
competitive at lower frequencies. The TG mixture is less
consistent, with improvements mainly at higher frequencies
and weaker performance at lower frequencies.

sparse, f=100 Hz

o
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Figure 2: Median NMSE and 25-75 quantile spreads at
the evaluation positions over the parameter-count range
[10,70]. Sparse PWD is shown as an oracle over the tested
grid sizes @@ and sparsity penalties. The continuous mix-
tures are most beneficial at higher frequency, with vMF
providing the most consistent improvement.

(NMSE) among the tested sparse PWD settings is
selected before aggregating over realizations.
Table 1 lists the solver setup for each method.

3.3. Evaluation Metric
The primary metric is the NMSE at evaluation posi-
tions j =1,..., M

eval»

NMSE,,, = 10log;,

Zj |p(x;) —P(:‘j)| (29)

Zj |p(xj)|

reported in dB.
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Table 1: Optimization settings used in the experiments. For vMF and TG, the two step sizes denote direction and spread/
covariance updates, respectively. Gradient clipping with norm 1 was used for both continuous mixture models. VarPro

denotes “variable-projection”.

Method Solver Iterations | Ridge / Penalty Step sizes
Ridge PWD LS 1 1074 -
Sparse PWD FISTA 2000 10 values, 10771072 -

vMF VarPro + Adam 500 1078 1073 / 1072
TG VarPro + Adam 500 1078 1073 /5-1073

3.4. Results

The results show a frequency-dependent behaviour.
Figure 1 shows the median NMSE at the evaluation
positions over the frequency range [100,1000] Hz
at two fixed parameter counts {20,40} and for the
sparse and dense acoustic scenario. At higher frequen-
cies, vMF mixtures are more parameter-efficient than
fixed-grid PWD, especially in the sparse scenario. At
lower frequencies, fixed-grid PWD remains competi-
tive or performs better. The TG model is less consis-
tently beneficial; it is mainly competitive in sparse
high-frequency fields. A plausible explanation is that
the extra anisotropic covariance degrees of freedom
may reduce the number of available directional com-
ponents at a fixed parameter count and make the
nonlinear optimization problem more difficult.
Figure 2 shows the median NMSE at the evaluation
positions over parameter count for fixed frequencies
{100,800} Hz for the sparse and dense scenario. This
figure highlights the advantage of the mixture-based
methods at higher frequencies: The vMF approach
shows the best high-frequency improvement in the
sparse scenario. In the dense scenario, TG improves
for some higher-parameter settings, suggesting that
local anisotropy may be useful in more complex direc-
tional fields, although this effect is less consistent than
the high-frequency vMF gain.

4. Conclusion

We studied continuous adaptive directional mixture
models for plane-wave sound-field estimation. In
randomized image-source room simulations, vMF
mixtures improved reconstruction at matched intrin-
sic parameter counts primarily at higher frequencies,
where adaptive directional atoms are beneficial. TG
mixtures were less robust and only became compet-
itive in sparse high-frequency scenarios, suggesting
that their additional anisotropic covariance parame-
ters and harder optimization can outweigh their
modeling flexibility. Compared with ridge PWD, the
proposed models trade the simplicity of a one-shot LS
solve for an iterative nonlinear fitting procedure and a
more compact adaptive representation. The observed
frequency dependence suggests that hybrid models
or frequency-dependent model selection, for example
combining fixed-grid PWD at low frequencies with
adaptive vMF mixtures at higher frequencies, may be
a useful direction for future work. Future work should
also consider more robust optimization, principled
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model selection, and validation on measured room
data.
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